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Hydrodynamics. On the distinction between irregular and systematic 
motion in diffusion problems, By J. M. BurGers. (Mededeeling 
N°, 41 uit het Laboratorium voor Aero- en Hydrodynamica der 
Technische Hoogeschool te Delft.) 


Y 


(Communicated at the meeting of March 29, 1941.) 


1. The term “diffusion” is used to denote the gradual spreading of 
some form of matter through a medium of different nature, from regions 
where this matter is present in high concentration to regions from where 
it is absent, or where the concentration is low. The diffusion is the 
consequence of irregular movements to which the particles of the diffusing 
matter are subjected, and which may find their origin either in the mole- 
cular motion of the medium in which the particles are dispersed, or in 
coarser, turbulent motions present in this medium. The “irregularity” of 
the movements of the diffusing particles expresses itself in the circumstance 
that these movements do not show any preference for a particular direction: 
a given particle has the same chance to be driven in a positive as in a 
negative direction. When this equality of chances is not found, we say 
that along with the “irregular” movements there is present a certain 
“systematic’’ motion, the cause of which perhaps may be looked for in the 
action of forces which tend to drive the particles in a definite direction, or 
in the presence of a systematic flow in the medium in which the particles 
are dispersed. ji 

The fact that the ‘irregular’ movements to which the particles are 
subjected, notwithstanding their indifference as regards direction, can bring 
about a gradual transfer of matter from regions of high concentration to 
such of low concentration, is a statistical effect; it is a consequence of the 
circumstance that many more particles are set into motion from regions 
of high concentration than from other regions. It will be evident that in 
this process the intensity of the “irregular” movements likewise plays a 
part: when in a certain region this intensity is much higher than elsewhere, 
this circumstance in itself already will bring about that the diffusion from 
the said region will be more important than the diffusion towards it. 


2. In order to translate these considerations into formulae we introduce 
the components u, v, w of the velocities of the particles. When the move- 
ments are exclusively of “irregular” character, the mean values of these 
components, taken over a suitable interval of time, should be zero: 


Tip ety iba (0) 


igh ee 
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The intensity of the irregular movements can be defined by giving the 
mean values of the squares of these components: u2, v2, w2, or the mean 


value of the square of the resulting velocity: u2 + v2 + w2. These quantities 
either may be constant throughout the whole field, or they may change 
from point to point. — When at every point of the field 


Ee ee ok daa ot wus (Che) 


the irregular motion is said to be isotropic; when these quantities differ 
from each other it is anisotropic. 

As mentioned above the “irregular” motion may be accompanied by a 
systematic one, and a great number of problems refer to such cases. An 
important example is the combination of diffusion with a systematic down- 
ward movement due to the action of gravity on the particles; a common 
problem then is to find the concentration gradient which will balance the 
action of gravity and which thus can be stationary. 

Clearly the proper distinction between “‘irregular” and “systematic” 
motions will play an important part in the analysis of such problems, for 
only when the “systematic’’ motion has been taken apart it will become 
possible to find the connection between diffusion, intensity of the “‘irre- 
gular” movements, and concentration gradient. It is the object of the 
present note to give some attention to this matter. 


3. It will be expected that a ‘‘systematic’’ motion can be detected by 
taking the mean values of the velocity components u,v, w, as the “‘irre- 
gular” parts of these quantities then will be eliminated, In what way, 
however, these ‘‘mean values” should be defined? 

In order to fix ideas we start from the assumption that the precise 
movement of every particle shall be known as a function of the time; thus 
e.g., for the particle numbered i, the functions u; (t), v;(t), wi (t) will be 
considered as given. We then may take mean values of these quantities 
over a certain interval of time, say from f= fy until t =f) + T, and 
define the systematic part of the motion of the particle by the formula: 

to+T 
w= op { nde AP eee Meeht LeAGT, &- 5 
to 
It will be evident that in such a mean value an amount of uncertainty, of 
unsharpness, must be taken for granted: the interval J must be of 
sufficient length compared with the ‘‘periods”’ of the irregular movements; 
on the other hand, when it is taken too long, the particle in the meantime 
may have wandered from one region of the field towards another, where 
the state of motion may be different. Some intermediate way must be 
found between these two extremes; where this is impossible a proper 
distinction between ‘systematic’ and “irregular” motions cannot be 


arrived at. 
25% 
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It will be expected that when the same calculation is performed for 
various particles which at the moment fy were lying in the same region of 
the field, the result of formula (3) must be practically the same for all 
of them, (For simplicity it will be assumed that all particles are of the 
same kind.) It is possible therefore to obtain a more precise value of 
the ‘‘systematic’’ motion by taking the average of the quantity defined by 
(3) over a great number N of such particles: 


i=N 


ee tue ae 
w= ay DMs = NT [wat 5 My, UO, Fo aS 


where it is understood that the summation refers to the particles which at 
t = ty were lying in the same region, i.e. in the same element of volume 


of the field. 


4, We may expect that when N is sufficiently large it will not be 
necessary to make the interval T very long. Hence the uncertainty present 
in the definition of the systematic motion when considered as a function of 
the time, to which reference was made above, can be reduced by considering 
many particles; however, in those cases where the distances between the 
individual particles are great, this will require the consideration of a 
rather extensive region and consequently may introduce an amount of 
unsharpness in the notion of the systematic motion as a function of the 
spatial coordinates. 

The interval T nevertheless must not be reduced below a certain limit: 
it must be sufficiently ample in order that the motion of practically all 
particles considered will have suffered one or more “‘irregular’’ disturbances 
during this interval. 

Indeed it will be evident that when T is diminished without limit in 
formula (4), we arrive at a quantity: 


Eat SL in ae eae ens 


which is not identical with u,. The quantity a defined by (5) is the mean 
value of the velocities at the instant tg of the particles which at that instant 
are lying in a given element of volume w; in this quantity “irregular” 
diffusion and “systematic” flow are combined in such a way that they 
cannot be distinguished from each other. This-.can be seen for instance by 
imagining a case of pure diffusion, from a region A of high concentration 
towards. a region B of low concentration, without any systematic action 
either of external forces or of flow of the medium in which the particles are 
dispersed. When at a given instant we consider the particles lying in an 
element of volume situated between these two regions, the chance of 
finding particles coming from the region A will be greater than the chance 
of finding particles from the region B; amongst the particles first mentioned, 
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however, velocities in the direction from A to B will be preponderant, 

whereas the other type of particles will show a preponderance of velocities 

in the opposite direction. Hence the value of a given by (5) will not be 

zero, although we have supposed that there is no systematic motion. 
When the mean velocity a, and the other two components v and w 

defined by two similar equations, are multiplied by the average number of 

particles n per unit volume, to be found in the element of volume w at 
= ty, we obtain quantities: 


qx = ni, qy=sne, sean iy} Sa at), ah (6) 


which evidently will represent the components of the “resulting mean 
current of particles’ (measured as the number of particles which in unit 
time cross an element of surface of unit area), The components Vx Vy? Tz 
will satisfy the equation of continuity: 


Oqx cd Oqy L Ogi. te) On (7) 
Ox oy Ne pid fa cll Hee Venn) Arh ate 

In the particular case of stationary motion in the direction of the 
coordinate x only, this equation gives: q, = constant. When the field is 
limited by impermeable boundaries, the current must be zero at these 
boundaries; hence we obtain: gq, = 0 everywhere, from which it follows 
that in this case: 7 — 0. Such a case can be found when both pure diffusion 
and systematic motion are present, of such intensities that they balance 
each other. 


5. Returning to the “systematic’’ motion as defined by eq. (4), it-is 
possible to write down the following formula: 


us= Fy Dd) ui lt). pray Saeed, O78 A818) 


where tf =f) + T. This formula must give a good approximation to us, 
provided the interval T is not too short. It expresses the property that 
whereas the mean value of the velocities at the instant to of the particles 
which at that instant are lying in a given element o, will define the “mean 
resulting velocity of transportation” of the particles (related to the “mean 
resulting current’), on the other hand the mean value of the velocities at 
the instant t) + T of the same particles will give the ‘‘systematic”’ velocity, 
provided the interval T is sufficiently long in order that practically all 
particles may have suffered one or more irregular disturbances during this 


interval. 


6. The results obtained can be expressed in a different form, in which 
it is not necessary to know the functions u; (t), etc. for each particle 
explicitly, and which is more adapted to statistical considerations. Restrict- 
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ing for simplicity to motion in the direction of the coordinate x only, we 

introduce a frequency function: 

FC dedida.”. 20 ee 

which shall give the number of particles satisfying the following conditions: 

(1) at the time fy the particles are located in the element ©, ie. between 
& and & + dé; 

(2) in the interval from fp until t = to + T the particles have moved over 
distances lying between / and / + dl; 

(3) at the time tt) +T the velocities of the particles have values 
between u and u + du. 

Theoretically, for the case of an unlimited field, we may assume that / 
and u may run from —o to + «, although values exceeding certain limits 
practically never may occur. 

Along with f we introduce a second function F defined by: 


Pte Lo) 2h (x1, hie. 2 eee 

Then F(x, 1,u)dx dl du represents the number of particles satisfying the 

conditions: 

(1) at the time ¢ the particles are located in a certain element 2 extending 
from x towards x + dx; 

(2) in the interval from fg —t—T until t the eM oe had moved over 
distances lying between / and / + dl; 

(3) at the time t the velocities of the particles have values between u and 
us du, 

Evidently we have: 


f(x, lon) FB ee lla) es ee one ee 

With the aid of these functions the quantities considered above can be 

given in the form of integrals as follows (for shortness the limits —o, 
+ o have not been written out): 

(I) The number of particles per unit of volume in the element w at the 


time fy is given by: 
n(&t)= f dl { du fle. t.u oon? 2h ee 


The same for the element Q at fo: 


nlx t)= {dl {du f(x, lu). Nt G1: 


(II) The number of particles per unit of volume in the element Q at ¢ is 
given by: 


n Oe j= [al [ du Fe L, = [al { de Flees by aetna 


(II) The “mean resulting current” of particles through Q at t is given by: 


ae p= fap dea eet y= fa dau fla) 1 inane 
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From this quantity the ‘‘mean resulting velocity of transportation” of the 
particles in Q at t is obtained by division through n (x, t): 


- ime 1 nie 
Bt) N= atasn | dL { ew Fs be). te (838) 


(IV) The “systematic velocity’, defined at the time f, of the particles 
which at fy were located in the element w, is obtained from: 


Fa gy Ja faeuFetw. 2... 4 
Es 


The same for the particles which at ty) were located in Q: 


(us)o = wece),| Hf dew hes be eee! Yaa) 


7. In order now to arrive at the distinction between ‘‘systematic motion”’ 
and “diffusion”, and at the same time to obtain the connection between the 
latter and the intensity of the ‘‘irregular’’ movements, etc., we make use of 
a procedure which is analogous to one applied by FOKKER and by PLANCK 
in certain statistical considerations 1). We introduce the hypothesis that 
the function f(x—J,1, u) can be developed as follows: 


fet Lu) = f(x fw) 1) Ade Soe (ts) 


Formula (13) can then be transformed into: 


Oct = [at [dunt — fat aut Eh 
= nlf) -(uslo— 3 f al f duutfteta)) 


ni Fe ce 2 UF 
ul wey,| Wf dent fle bed (17) 


so that ul will be the mean value of the product u/ at the time ¢, calculated 
for the particles which at ty were located in 2. With a simplification of 
notation (16) consequently may be written: 


(16) 


We shall write: 


0 — 
q =Mp-tts— 5 (mo. ul) ade a Sa LEO) 


1) A. D. FOKKER, Ann, d. Physik (IV) 43, 812 (1914); and in particular: Sur les 
mouvements Browniens dans le champ du rayonnement noir, Archives Néerlandaises des 
Sciences exactes etc. (IIIA) 4, 379 (1918). 

M. PLANCK, Ueber einen Satz der statistischen Dynamik und seine Erweiterung in der 
Quantentheorie, Sitz. Ber. Berliner Akademie, 324 (1917). 
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In this equation a separation has been obtained between “systematic 
motion” and “diffusion”. It will be seen that the intensity of the diffusion 


is dependent upon the magnitude of the quantity ul, which is defined by 
(17). Now this is a quantity related to those which occur in the ‘mixture 
length theories” of transfer of momentum and diffusion in turbulent fluid 
motion. It is very gratifying that in eq. (18) it makes its appearance in a 
direct way, and moreover in the more exact form in which it has been 
defined by TAYLOR 2). 


8. It must be observed, however, that although the current q in eq. 
(18)refers to the instant ft, the number of particles ng occurring in this 
equation refers to the instant to = t—T. Now it has been remarked 
already before that the distinction between “systematic” and “‘irregular”’ 
motion properly can be made only when the interval T may be chosen so 
that during this interval the particles have not moved too far from their 
original positions; nor should the state of the field have changed appreci- 
ably in it. When this is the case, we may assume: 


(x0 Ee tgs 
so that eq. (18) will become: 


So 


0 
q=n.us—s_(n.ul). eee ea eae 


In this form the equation has obtained a more convenient appearance. 
The degree of approximation involved in it is a necessary consequence of 
the unsharpness which is a priori connected with the definition of 
“systematic motion”, as was shown before (see 3). 

Nevertheless it may be useful to transform eq. (18) in a different way, 
which moreover makes it possible to eliminate from the second term a 
residue of ‘‘systematic motion’’, which still may be present in it. 

For this purpose from eq. (1la) we deduce: 


n(x =| dl fduF (e+ Lbu)= 
= fat fou Pew ta)+ fat dat “52 = 
ae 


sen(n§s- (nls. > 0 


\ 
=, 


“> 


2) G. I. TAyLor, Diffusion by continuous movements, Proc. London Math. Society 
(2) 20, 196 (1922); Statistical theory of turbulence, Proc. Roy. Soc. London A 151 
pp. 423 seqq. See also: S. GOLDSTEIN, Modern develo i i i 

; pments in fluid d 
es ee in fluid dynamics (Oxford 
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In a similar way (17) can be transformed into 


ges a). at=f al | Ae ger Ge, a) <= 


=| dl | ul F (x, l, u) + fat {de ap FX l, tt) 
x 


=n (x,t) a+ 2 (nub) . EO are eee) 


In these expressions the mean values 1, ul, ul? refer to those particles 
which at the time f are situated in the element Q (between x and x + dx). 
By means of these results eq. (18) can be brought into the form: 


Oe e ae) = 0? — 
Ge cis 4 Us s(n ) ay tt al) — 55a (n - al’). 


The last term, depending upon ul2, better can be neglected, as in making 
use of (15) we have already neglected quantities of the order /2. Hence 
there remains: 


0 ; ) = 
q=n.us + us (n.1)— 37 {n_ al). ee ele) 


This equation can be used to obtain an estimate of the error which may 
be present in eq. (18a). It can also be applied to eliminate the part due to 


the systematic motion present in ul. Indeed, writing: 
Pe ee (22) 
we have: 
Scull 2 Sih eee ee (23) 
and: 


ote 0 — =O 0 j 
feet ie tgten)) san Rha Tog, 8 1). 


Hence (21) will become: 


a = Off, 0 7 
qan (aT Fe) ag Lu a Pee Ce) 


9, It may be useful to recapitulate the meaning of the quantities 
occurring in the last equation. 

In the first place n is the number of particles per unit volume, to be found 
at the instant of time f in the element 2 (between x and x + dx). These 
particles at that instant possess velocities u; in the preceding interval from 
ig = t—T until-t they had moved over distances 1; both a and / will vary 
from particle to particle. 

The “‘systematic velocity’ us has been defined by (14a); it is the mean. 
value of the velocities u at the instant ¢ of the particles which at to were 


Boz 


located in Q, and thus it is not the mean value of the velocities of the 
particles which-are to be found in Q at t. The quantity u’ has been defined 
as the difference u — us. 

Finally 7 and u’/ are mean values for the particles which are to be found 
in Q at the instant t. The quantity / will differ from zero when a systematic 
motion is present. The fact that in eq. (24) there appears the combination 


us — 1 (dus/0x) 


means that we should determine the “systematic velocity’ rather for the 
element of volume from which, on the average, the particles started; it thus 
bears witness again to the unsharpness which is inevitable in these 
considerations. 


10. In the preceding lines we have arrived at a direct deduction of the 
diffusion equation (24), which in cases where systematic motion is absent 
reduces to: 


0 ; 
Gitte —- Say EON e 2 ght Sh eke, oh eee eee 


In this deduction no assumption has been made concerning a ‘‘mean free 

path” of the moving particles; the only hypotheses applied are 

(1) that there exists a frequency function f, as defined in eq. (9); 

(2) that it is legitimate to make use of the development (15), which in 
case of need perhaps might be extended. 

For the elaboration of a theory of the diffusion of particles in a liquid 
or in a gas in turbulent motion, the next step now must be to deduce 
expressions for u and J, and thence for the mean values considered above, 
starting from data concerning the state of turbulence of the moving medium, 
and from data concerning the action of this medium upon the particles 3). 


Appendix. — It may be that the application, first of the transformation (15) or (16), 
then of the one occurring in (19) and (20), which seems to be of opposite nature, is 
somewhat confusing at first sight, and the reader may ask why these transformations do 
not cancel each others effect. The following formulae perhaps can render this point more 
clear; at the same time they indicate how the development can be extended. 


According to (13): 
a= | dl { daw F(x l, u). 


Instead of writing this formula in the form: 
q=nzu, 


3) A few provisional considerations concerning the latter point had been brought 
forward by the author in a discussional remark to a paper by PRANDTL; see A. GILLES, 


L. HOPF, und TH. von KARMAN, Vortrage aus dem Gebiete der Aerodynamik u.s.w. 
(Aachen 1929), pp. 8—10, These considerations, however, are not sufficient for further 
work and a quantitative investigation is necessary, which it is hoped will be undertaken 
by Mr, TCHEN CHAN Mou in collaboration with the author. 
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which is of no use for further work, we write: 


= Cha Wi POEL ive Liege OEE 
F(x, 1, u)= F(x, Lu) —1 5! oan a 


Hence the current gq can be expressed in the form: 


15 Sond ot i Be 


= rae se DN ee ie ae iad ee 
q = No Us — 5 (n ul) 7 3x2 (n ul?) 


This formula has the advantage that the systematic velocity uy is brought into evidence; 
it has the disadvantage that in the first term there appears the quantity no, defined by 
(11a), which refers to the instant fy. However, as we have: 


f(x, l. a) = F 4-L0F /dx) + etc., 


it follows that: 
0 Ei 1e,= 
-_ awe) enc PS B 
Ng n+ s(n nl)-+ a 3(n a OP q{nl} +. 
The formula for q consequently can be brought into the form: 


eas Lg tO rar eacla OU: 
q=nust us 5 (nl)— 57 (nal) + 5 us 93a (nl) — —(n ul’) + ete. 


This is the extended form of eq. (21). The separation of u, and u’, in the way as was 
indicated by eqs. (22) and (23), finally will lead to the extended form of eq. (24). 


Chemistry. — On the Resolution of f-Phenyl-a-Propylene-diamine into 
its Optically-active Components. (3th Part.) By F. M. JAEGER and 
W. FROENTIES. 


(Communicated at the meeting of March 29, 1941.) 


§ 1. Ina previous communication !) the preparation and the properties 
‘were described of B-phenyl-a-propylene-diamine: 
C,H; .CH(NH.) .CH(NH2).CH3; the base has a_boilingpoint of 
93° C. under a pressure of 2 or 3 m.M. In the present paper we publish 
the results of our tentatives to resolve this bivalent pseudo-base into its 
optically-active components. Although four optically-active components may 
theoretically be expected, we up till now have only succeeded to isolate 
two enantiomorphous isomerides in a pure state. Further investigations 
must enable us to decide, whether in the reduction-process applied also the 
two other possible enantiomorphous configurations are generated or not. 


§ 2. The racemic compound was combined with so much of d-tartaric 
acid as to yield the mixture of the mono-d-tartrates. On repeatedly recrys- 
tallizing them from an aqueous solution, — as the less soluble product, 
— we obtained a fraction which finally showed a constant specific 
rotation [a] for sodiumlight of + 25°,5. The substance crystallizes from 
its aqueous solution at roomtemperature in beautiful, colourless and 
very lustrous, flat crystals, 
which have a_ typically 
hemimorphic aspect, as 
may be seen from the 
Fig. 1; they represent the 
mono-d-tartrate of the 


levogyratory ba - 
Mono -d-Tartrate of £-G4,- CHM). CH(Wh,)- CH, gy y base aaa 


tain four molecules . of 
Fig. 1. Crystalform of the -Base-mono-d-Tartrate t f llisati 
we 4 HAO, water of crystallisation. 


The crystals are mono- 
clinic-sphenoidal; their axial ratio2), as deduced from the X-ray-spectro- 
grams is: a:b; ¢ = 1,289:1:2,001: with 8 = 74°24’. 

Forms observed: c = {001}, predominant, very lustrous, occasionally 
finely striated parallel to the b-axes; a = {100}, smaller than c, but equally 


lustrous; o. = {111}, well developed and yielding ideal reflections; 


1) F. M. JAEGER and J. A. VAN Dijxk, these Proceedings, 44, 26, 31 (1941). 
?) The axial ratio directly calculated from the angular measurements is: 


a:b t@ee 1,261; 1s 2.003; (6 74" 24" 
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q = {011}, somewhat narrower than og, good reflecting; #, = {110} is 
ordinarily much narrower than og and may even be completely absent, but 
it also can be as broad as oy and then yields very nice images; m = {110}, 
small but readily measurable; s = {011}, small, yielding good reflections, 
but is often absent; u = {012}, extremely small, in most cases absent. 
Some of the angular values appear to be rather variable (+ 15’ about 
their mean values). The habitus of the crystals is flat, elongated parallel 


to the b-axis and characteristically hemimorphic. A distinct cleavability 
was not observed. 


Angular Values: Observed: Calculated : 
a:c ==(100):(001)=— *74° 24’ — 
c:q =(001):(011)= *62 36 — 
02:02 =(111):(111)= *50< 32 = 
a:o) =(100):(111)= 58 31 58° 31’ 
c:0, = (001): (111) = 76° 55 76 55 
07 : @, = (111): (110) = 27558 22 56 
¢:@, = (001): (110) = 80 10 80 94 

q =(100): (011) = 97 14 97 64 
a:m ==(100):(110)= 50 38 50 31 
Q1: Q2 = (011): (011) = 54 48 54 48 
c:s ==(001):(011)= 62 36 62 36 
s:u =(011):(012)= 18 36 18 38 
u:c =(012):(001)= 44 0 


oe ee te) 


The axial plane is parallel to {010}. 

From rotation-spectrograms round the a-b- and c-axis respectively, with 
Fe,-radiation, the dimensions of the elementary cell were determined to 
be: a9 = 9,25 A; by =7,30 A; co = 14,60 A (the latter controled by 
Dr. TERPSTRA). The elementary cell contains the mass of two tetrahydrated 
molecules. The density of the crystals at 17° C. was found to be: 1,304; 
calculated: 1,293. The spectrogram round the c-axis showed 6 spectra, that 
round the a-axis 5 spectra and round the b-axis equally so. 

A SAUTER-spectrogram under 45° round the a-axis showed the following 
indices-triplets (TERPSTRA): (001), (003), (004), (005), (006); (011), 
(012), (013); (020), (021), (022), (023), (024), (025), (026); (031), 
(032); (040), (041); (044) 
and one round the b-axis: 

(001), (003), (004), (005), (006); (100), (101), (102); (104); (200), 
(201), (202), (206); (300), (301); (400), (401). 
As (h +k), (k +1), (h +1) and also (h + k + 1), appear to be even, 


as well as odd, no faces of the elementary cell are centred. According to 
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Dr. TERPSTRA, only the space-groups C} and C3 can here be present; as 
(010) and (030) really occur, C3 (resp. P2) is here the only possible 
space-group. It is characterized by the presence of a single binary screw- 
axis: which is in accordance with the presence of 2 molecules in the cell, — 
the molecules being themselves asymmetrical. 

The d-tartrate of the l-base yielded the following specific rotations in 
an aqueous solution of 2 % (see Table I). 


TABLE I. 

Some specific rotations of the /-Base-d-Tartrate. 
Wavelength in Ai | Specific rotation [a]: 
6480 | 421.0 
6074 | 302 
5893 +25.5 
5463 +30.3 
5224 | 453i 

5126 | +34.8 | 
4950 +37.0 

| . 4793 | 441.8 
4724 +42.5 


§ 3. From the final mother-liquors the base was set free, the liquid 
destilled in vacuo and subsequently treated with levogyratory tartaric acid 
and the mixture of the l-tartrates thus obtained subjected to fractional 
crystallisations in aqueous solutions, till a product was obtained which 
showed a constant specific rotation for sodium-light of [a]p = —25°,5. 
The crystals obtained had the same form of those just described; but they 
showed exactly the enantiomorphous development. (c: g = (001: 011) = 
62° 37’; c: a = (001) : (100) = 74° 20’; q: q = (011) : (011) = 54° 47’; 
e:0 = (001) : (111) = 76°.57", Axial plane=== {010}: 

Also their rotations were practically the same as those mentioned above, 
but with the opposite algebraic sign: the base set free from the l-tartrate 


is dextrogyratory B-phenyl-a-propylene-diamine. The anhydrous tartrates 
melt at 201° C. 


The d- and [-bases thus obtained boiled at 110°—111°C. under a 


pressure of 8 mm. Their specific rotations at different wave-lengths are 
collected in the following table II. 


The curves for the rotatory dispersion of the two pure bases are i.a. 
graphically represented in Fig. 2. 


wt. \ 
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TABLE IIA. 
Specific Rotations of the Optically-active 6-Phenyl-a-Propylene-diamines. 


Wave-lengths 


Specific Rotations [a] of the 


Mean Values: 


in A: Levogyratory Base: | Dextrogyratory Base: (+ or —) 
8050 ere Be * 2 (24. 8) 
7607 a3 be as ose (24.3) 
7280 - ays ie nA 2S 23.3 
6980 meee +24°0 ad 23.9 
6730 ee eg Ga oe ay 25.8 
6480 —38.1 F. 428.2 ~ 28.2 
6262 4 oses0 4) 4130.0 1.30.3 30.3 
6074 Be: = 132.7 a 32.7 
5893 SS 54.9. 1 4546 :395.0 34.8 
5735 ea Be r arg = 37.1 
5592 C9. tt 0.5 897 39.5 
5463 | 41.5 es +41.6 ‘e 41.6 
5340 ete aa ot) Anal 4479 43.7 
5224 —45.8 fe 445.5 < 45.6 
5126 Cae ie ALAM | (eld 8 u148.6 48.1 
3036 50.2 a 449.9 a 50.1 
4950 Stas 8 e578 ke 52 2 1-53: 1 52.6 
4861 54.4 x 453.9 2 53.7 
4793 56.5 ee eee es 56.5 
4724 58.6 Be isk a? & 58.4 
4658 —60.5 i 460.3 = 60.4 
4596 el i7 = 462.6 — 62.7 

* 4537 —64.9 = +64.8 = 64.9 
4483 —66.8 as +66.8 — 66.8 
4430 —68.9 = +68 .9 a 68.9 
4380 70.2 is = oo 70.2 
4335 —Thb a me = 72.6 

~ 4290 74.5 = ee = 74.5 
4248 76.3 @ = a 76.3 
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Specific Rotations (e) 
in Degrees 


wave-length A 
W000 THO” Al 


Fig. 2. Rotatory Dispersion of f-Phenyl-a-Propylene-diamine and its Ions; etc. 


4200 = $500 5000 5500 6000 6500 


Simultaneously both pseudo-bases were also studied when dissolved in 
water; the measurements were made with solutions of 2,5 % of the levo- 
and of 2,1 % of the dextro-gyratory diamine (length of the tube: 20 cm). 
The specific rotations [a] thus observed were: 


TABLE II8. Rotatory Dispersion of the d- and [-diamines in aqueous Solutions. 

Wave-lengths Levogyratory Base: | Dextrogyratory Base: | Mean Values of 
in A: [a]: [a]: [a]: 
6730 = 94 | + 9.5 9.5 
6480 One | +10.2 10.2 
6262 Sls | +11.4 (is 
6074 —12.0 | 411.9 11.9 
5893 al | +12.6 ee 
5735 =13e2 +13.3 1353 
5592 1328 +14.2 14.0 
5463 —14.4 -+-14.7 14.6 
5340 —15.2 +15.5 1524 
5224 —16.0 +16.2 16.1 
5126 —16.4 +17.1 16.8 
5036 lee +17.9 76 
4950 S20 +18.6 1828 
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A comparison of these values with the corresponding ones of the former 
table proves, that the rotations of the pseudo-bases in aqueous solution are 
for the same wavelengths only 0,4 to 0,33 of those of the pure bases 
themselves. 


§ 4. In this connection it seemed of interest also to investigate the 
rotations of the aqueous solutions of the salts of the two antipodes with 
an optically-inactive acid; in analogy to our similar measurements in the 
case of benzedrine and of a-phenyl-propylamine 1), we for this purpose © 
also here choose the neutral sulphates. 

With respect to the fact, that from the d-tartrate we obtained the levo- 
pseudo-base and vice-versa, it could be expected, that also in the case of’ 
the sulphates, the salts would show rotations opposite to those of the 
pseudo-bases contained in them. 


TABLE Ill. The Rotatory Dispersion of d- and /-Phenyl-a-propylene- 
diamine-Sulphates in Aqueous Solutions. 
Specific Rotations [a] of the 
Wave-lengths Sulphate of the Sulphate of the Bi be piled 
at or the Ions: 
in A Ldiamine (solution d-diamine (solution (+ or —) 
of 3.39/ : of 2.8%): 

6730 iid 10,7 11.0 
6480 +12.0 SNE 1158 
6262 +12.9 Wes Wert 
6074 +13.6 —13.4 1355 
5893 +14.6 ae ae 
5735 +15.2 Ne)! 15.2 
5592 +16.1 16.4 16.3 
5463 +17.0 ee 17.1 
5340 +17.6 = 15.20 17.8 
5224 +18.3 —19.0 18.6 
5126 +19.4 == 200) 19.7 

| 5036 +20.3 —20eo 20.4 
4950 +21.3 Zia 23 


The data of table III corroborate this conclusion: just as in the case of 
a-phenyl-propylamine, the sulphates derived of the optically-active diamines 
also manifest the opposite rotations in comparison with the pseudo-bases 
of which they are derivatives. 

A highly curious fact is, that the rotation of the -dextro-gyrate sulphate, 
_ ie. of the L-diamine-ion, — is practically the same as that of d-a- 
phenylpropylamine in the undissociated state (Fig. 2). 


1) F, M. JAEGER and J, A. VAN DIJK, loco cit., p. 40; F. M. JAEGER and ‘W. 
FROENTYES, these Proceed., 44, 140 (1941). 


Proc. Ned. Akad. v. Wetensch., Amsterdam, Vol. XLIV, 1941. 24 
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In Table IV we also have collected the data obtained in the study of the 
rotations of the sulphate of dextrogyrate stilbene-diamine: 


C,H; . CH (NH). CH(NH2) . CoH 


— a base previously !) studied in this laboratory. The salt was dissolved 
in water (0,57 %) and, therefore, the rotations observed equally correspond 
to those of the corresponding ion. 

Although the curve between 5126 and 6480 A. runs sensibly parallel to 
that of d-f-phenyl-a-propylene-diamine in the pure state, — the rotatory 
dispersion being, therefore, quite similar, — the difference of the rotations 
[a] between them still amounts to about 5°; the rotations themselves are 
about twice those of the l-diamine-sulphate. 


TABLE IV. Rotatory Dispersion of d-Stilbenediamine-Sulphate 
in an aqueous Solution (0.57129/0). 
Wave-lengths in A: Specific Rotations : 

6730 42274 
6480 ++-24.0 
6262 +25 .4 
5893 +29.3 
5592 +34.2 
5340 +39.0 
5126 +43.3 


With respect to the £-phenyl-a-propylene-diamine-sulphate here 
investigated, it can, moreover, be stated that the absolute values of [a], — 
although of opposite algebraic sign, — evidently are only slightly different 
from those characteristic for the free pseudo-base when dissolved in water, 
in which it is present, at least partially, in a dissociated state. As to the 
guestion whether really more quantitative relations between these different 
rotations do exist, we hope to return to it afterwards, as soon as all 
necessary data for this discussion will completely be available. — 

The final mother-liquors of the various fractional crystallisations of the 
tartrates turn into a more or less viscous mass; we now are occupied in 
investigating them more thoroughly with the purpose of eventually being 
able to isolate the other isomerides which might possibly still be present 
in them. 

Groningen, Laboratory for Inorganic and 
Physical Chemistry of the University. 


1) J. G. Bos, Thesis, Groningen, (1940), p. 23 and 24. The base, being only insigni- 
ficantly soluble in water, was investigated in its ethereal solution; its meltingpoint is 87° C. 


Plantkunde. — Bloemen of bollen bij Allium Cepa L. Il. Door A. H. 
BLaauw, ANNIE M. HARTSEMA en C. W. C. van BEEKom. (Mede- 
deeling N®. 66 van het Laboratorium voor Plantenphysiologisch 
Onderzoek, Wageningen.) 


(Communicated -at the meeting of March 29, 1941.) 


De opbrengst. 


Terwijl op 8 April pas geplant werd, kon omstreeks 15—20 Juli geoogst 
worden. Tegen dien tijd beginnen de bladbundels bij den ,,hals’, d.w.z. 
direct boven den bol, te knakken of om te vallen. De bollen, die grooten- 
deels boven den grond staan, zijn gemakkelijk uit te trekken. Wij hadden 
pas 29 Juli gelegenheid het geheel te oogsten. 

Feitelijk zijn alleen de bollen van niet-bloeiers, zoowel van één- als 
meerspruitige planten, van beteekenis voor het beoordeelen van de op- 
brengst. Intusschen zijn er ook bij de bloeiers nog wel enkele bruikbare 
bollen. 

Bij de bloeiers kunnen zich velerlei gevallen voordoen: om den voet 
van een bloemstengel kan een bol gevormd worden, die wel van 40 tot 
100 g kan wegen, maar in vele gevallen is die bolvorming zeer gering of 
geheel afwezig. Ook daar waar een flinke bol ontstaat heeft deze feitelijk 
geen waarde. Treedt de verhoutende stengelvoet uit het midden van den 
bol naar buiten, dan is de bol uiterlijk wel mooi rond maar er zit een holte 
in; treedt de stengelvoet meer zijwaarts uit den bol, dan is de bol ook 
uiterlijk misvormd. Hebben we nu met twee spruiten te doen, dan kunnen 
beide bloeien en doen zich dezelfde bezwaren voor. Bloeit slechts één 
spruit, dan kan ook hier de stengel min of meer zijwaarts uittreden en wel 
aan den kant van de andere spruit, zoodat dan de hier ontstane bol mis- 
vormd wordt. Treedt de bloemstengel uit het midden van de eerste spruit 
naar buiten, dan wordt de bol van de tweede niet-bloeiende spruit normaal 
rond, Alleen in dit geval geeft een bloeiende plant toch nog een volwaar- 
digen bol. Het aantal van deze bollen is gering en het gewicht bedroeg 
in de verschillende groepen slechts 25 tot 45 g (zie ter vergelijking het 
gemiddelde gewicht der normale uien in tabel 5). 

Om een beeld te krijgen van de opbrengst willen wij deze uitzonderings- 
gevallen buiten beschouwing laten en ons houden aan de opbrengst van 
de niet-bloeiende planten, die ook in de praktijk slechts meetellen. 

Hier hebben we onderscheid te maken tusschen den oogst van eenspruitige 
en van twee- en meerspruitige planten. Wij willen hier vooruit reeds ver- 
melden, dat de ,,gekloofde’” planten volkomen ronde bollen gaven, die 


zooals ook door ervaren kweekers erkend werd, practisch geheel gelijk- 
‘ 24* 
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waardig bleken met de bollen van eenspruitige planten. Er is geen afplat- 
ting aan te zien en alleen aan den onderkant kan men in het midden 
herkennen dat het een tweeling-, resp. drielingbol is geweest. 

De opbrengst wordt hier op twee wijzen gegeven. Allereerst naar de 
doorsnee in mm, omdat de waarde in de praktijk mede hierdoor bepaald 
wordt. De kleinste uitjes tot 35 mm, picklers genaamd, hebben nog vrij 
veel waarde daar ze voor inmaak gebruikt worden; dan volgt een grootte 


TABEL 4. 
Opbrengst der niet-bloeiers volgens doorsnee der bollen. 
Telkens de eenlingen op de eerste rij en de tweelingen op de tweede rij. 
(Yield of the non-bloomers arranged according to the diameter of the bulbs; first row 
of the singles; 2d row of the twins.) 


a 


Picklers Gewone ; Grove 
Doorsnee o jan \oulaaslic aac: |babiiot lia Woo: pon eomien N 
idm) PT Cyt teioie tb dake baeeie lt an 
So w fa) Ww So w oO Ww oO wh Ss w <— Ww 
ioe) ina) wr wr w wo ie} We} ™~ ~ co co [ony foay 
G 13¢ Sea eae Bee ead 1 5 ce ee ee a ee) 
= 2 2 Ff 4 2 3 a ee | —-|—-]|- - 
D 172 ae alee | eas | 94 1 4 4) 10 5 8 5 i 
1 3 1 4 9 10 8 10 4 = — = = = a 
E 20° S| ee ha ee lip 1 5 7 Ate | 2a Sees 9 Lie 
_ _ 5 8 14 23 21 17 12 9 3 2 _ - — 
F 232. | ga al a DAWA A el2aeas 6 3 5 2 
1 1 5 65h 16: He 30027), a 18alo Le 8 4 2 Nt | eae 
G 254° | ee 1 1 4NT4 ) 2011S 6 8 i 
1 1 if 12 ll 22 23 20 19 10 3 5 2 —— 
H 28° eg | | 1 2 Si Sai el Tal ats 9 4 Ne 
— — 5 18 30 28 30 17 4 1 1 _ = 
Ke 092 30 ie ee | 1 4 8-10) 10s 9 6 1 2 
— 1 1 3 12 9 16 12 4 4 z 1 _ - 
Tee 250 ee ee 2 50 13 4) 12S a0 3 Ait aes 
- — 2 6 9 12 if 19 10 7 6 4 — — a 
Me232—62 SS jp yh ee 2 if Nea 5 aa 1 
Ba Ps He cea ac |e ae-weel | ea hs a 3S ee 2 1 hes | ee 
INE 2392-92 | elf? the cea aI S) 4 6 7 5 4 1 1 
SSS a PS 2 1 2a ae cy ees 1 jal ee ees 
Oe282 = 52 a= 2 2 3 CNV laa SUES et O 4 ii es 
= 2 8 3 ll 7 4 6 1 2 = == = = ~ 
Pi keene ea eet ly et 5 9) 11s 8 9 Wie == 1 
- 3 4 4 5 5 5 10 3 1 1 a _ _ 
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van 32—43 mm, die weinig waarde heeft; vervolgens 40 4 45 mm tot 
70 a 75 mm, die als gewone maten bekend zijn, en boven 70 a 75 mm, die 
de grove uien genoemd worden. 

In tabel 4 is de oogst gerangschikt naar de doorsnee, opklimmend met 
telkens 5 mm. Daarbij is in elke kolom aangegeven het aantal geoogste 
uien van die maat en wel eerst van de planten, die één bol leveren, en 
daaronder in kleine cijfers van de planten, die 2 bollen gaven. 

Bij dit overzicht is reeds te zien, dat de bollen, die van de eenspruitige 
(,,ongekloofde”’) planten geoogst worden, gemiddeld grooter zijn dan de 
bollen, die twee aan twee ontstonden. Dit was ook licht te verwachten: 
bij tweespruitige planten wordt eerst het reservevoedsel van het moeder- 
bolletje gedeeld, verder ontplooien zulke spruiten 1 a 2 bladen minder dan 
een eenspruitige plant, en ten slotte moeten beide bollen door hetzelfde 
bodemgebied verzorgd worden. Aan den anderen kant zien we reeds in 
tabel 4, dat ook deze tweeling-uien voor het overgroote deel een maat 
bereiken, die het meest gezocht is (het meerendeel meet 50—70 mm door- 
snee). 

Het effect van de verschillende behandelingen is beter in tabel 5 naar 
het gewicht af te lezen. 

In deze tabel is het gemiddelde gewicht per bol opgegeven, eerst van 
de bollen van éénspruitige planten (eenlingen) vervolgens van tweespruitige 
planten enz. In de laatste kolom is het totale gewicht van de geoogste uien 
van niet-bloeiende planten vermeld. 

Zoowel in het aantal als in het gemiddelde gewicht staan de groepen 
E tot H (na 20° tot 28°) vooraan. Bij de tweelingen is ook het gemiddelde 
gewicht in de groepen K tot N hoog te noemen; het aantal is hier echter 
door de vele bloeiers te gering. In de meeste groepen brengt een plant 
met twee uien iets meer op aan gewicht dan een plant met één ui, vooral 
in groep G en K tot N. 

De totale opbrengst van elke groep geeft een zeer duidelijk beeld van 
de uitwerking der behandelingen. De hoogste opbrengst wordt verkregen 
in H, na een behandeling met 28°C., vervolgens in G (25)4° C.), — 
daarna volgen F (23°) en E (20°). De nauwkeurigheid van deze op- 
brengstcijfers wordt wel goed geillustreerd door de bijna gelijke opbrengst 
van de naast-verwante groepen, zooals K en L met ruim 18 kg, O en P 
met 10 en 1114 kg, M en N met 6 47 kg, na de lage temperaturen 5° tot 
13° (A—C) 2 4 3 kg. En evenals bij het percentage bloeiers staat weer 
D (17°) met 814 kg tusschen de hooge en lage temperaturen in; dit was 
uit het aantal niet-bloeiers reeds te verwachten, maar men ziet hier dat 
ook het gemiddelde gewicht per bol tusschen de groepen A—C en E tot 
H in staat. 

Voor de toepassing is dus uit het geheel der proeven duidelijk te con- 
cludeeren, dat de plantuitjes van September tot half Maart in 2514° tot 
28° C. bewaard, de beste uien met de hoogste opbrengst opleveren, waarbij 
de oogst reeds 15 a 20 Juli kan plaats hebben. 
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Voor een bewaring in twee verschillende temperaturen (speciaal eerst 
koel, later warm) bestaat geenerlei reden. 


TABEL 5. 


Opbrengst der niet-bloeiers. 
Gemiddeld gewicht per bol bij een-, twee- en drielingen. 
Tusschen haakjes het aantal bollen. 
(Yield of the non-bloomers; average weight of a bulb with singles, twins and triplets; 
bracketed the number of bulbs.) 


ee 


Eenlingen | Tweelingen | Drielingen Totale gewicht 
tee 2 OD i el et ee eee 
A 5° (20) 112.3 g (14) 44.6 g = 2.870 kg 
B 9° (13) 112.8 (26) 45.4 = | 2.668 
CG ase (12) 105.6 (22) 47.3 ee | "2.308 
Da eizs (40) 130.1 (50) 67.5 (3) 34 g | 8.680 
E 20° (79) 162.7 (114) 84.6 (6) 41.1 | 22.757 
F 23° (75) 162.8 (129) 82.6 | (2) 44.3 | 22.957 
G 253° (77) 164.0 (136) 90.0 | (9) 65.7 25.455 
H 28° (90) 162.8 (143) 86.5 | (12) 94 28.154 
K 5°—23° | (70) 159.2 (73) 94.1 (9) 58.4 18.545 
L 9°—23° | (64) 159.3 (82) 93.6 | (6) 53.3 18.194 
M 23°— 5° | (33) 141.6 (21) 84.9 (6) 45 6.726 
N 23°— 9° | (35) 133.9 (20) 80.8 a | 6.299 
O 28°— 5° | (55) 136.2 (44) 58.6 (3) 29.2 10.159 
Droge. 0° (62) 139.4 | (Al) 70.6 (3) 82 11.783 
163 — 164 g 83 — 94g 
= + 230 — 243 mm omtrek = + 180 — 192 mm omtrek 
= 73 — 74 mm doorsnee = 57 — 61 mm doorsnee. 


Een volgend jaar worden deze proeven aangevuld door o.a. ter ver- 
gelijking in temperaturen beneden 5° C. te prepareeren, waarvoor eind 
Augustus 1939 in het laboratorium geen gelegenheid meer bestond. De 
Amerikaansche onderzoekers bevelen die lage temperaturen (—1° en 0° C.) 
aan om bloemvorming tegen te gaan. Het valt echter moeilijk aan te nemen 
dat — al wordt het bloei-percentage in hun proeven wel sterk gereduceerd 
— de opbrengst die van 2514° tot 28° C. zou kunnen evenaren. Wij wijzen 
er op, dat de opbrengst van de niet-bloeiers na 28° C. met 233 ronde bollen 
het 20-voud bedroeg van het gebruikte plant-materiaal van 200 uitjes 
(1,436 kg). Onze optimale opbrengst na 28° C. zou overeen komen met 
+ 45.000 kg per ha, terwijl in Hongarije een gemiddelde goede oogst op 
25 tot 30.000 kg wordt gesteld. De hoogste opbrengst in één geval door 
THOMPSON en SMITH vermeld, bedroeg na bewaring bij 0° C. 23 kg van 
200 geplante uitjes, maat 21—28!14 mm. Van onze groep van 200 uitjes, 
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maat 19—26 mm, bleven 172 over om te planten en deze leverden 28 kg 
op, na bewaring bij 28° C. Men krijgt den indruk dat de Amerikaansche 
onderzoekers zich te spoedig van het beproeven van hooge temperaturen 
hebben afgewend. Volgens hun ervaring zouden de bolletjes daarin te 
veel verschrompelen en uitdrogen. Het is ook mogelijk, dat verschillende 
rassen zich hierin verschillend gedragen. 


ee rt 


Vd Ss she 3? (7e=c. 0" 23° 25/0 28° ole 
one Z 0 AUG. } PERCENTAGE KILOGRAM 
—- 24JUNI) BLOEIERS RONDE BOLLEN 

Bigs i: 
Slot. 


Wij willen tot slot de tabellen 2 en 5, die ons een zoo scherpe uitkomst 
opleveren, nog een oogenblik in verband met elkaar beschouwen. Tabel 2 
geeft ons met het percentage bloeiers een beeld van de generatieve functie 
na de verschillende behandelingen, terwijl tabel 5 in de opbrengst der 
planten, — het resultaat dus van bladontplooiing en assimilatie, — het beeld 
weerspiegelt van de vegetatieve functie. Beide beelden zijn als het ware 
elkaars complement. Figuur 1 doet dit voor 5° tot 28° ten overvloede nog 
eens duidelijk uitkomen, waarbij de scherpe omkeering boven 13° en be- 
neden 20°, bij omstreeks 17° zeer in het oog springt. 

In dit verband kunnen we wijzen op de Bol-irissen, waar ook 17 a 20°C, 
een keerpunt beteekent. Bloemvorming is bij deze Irissen alleen mogelijk 
in temperaturen tot + 17° C. Bij 17° kan nog slechts een deel der bollen 
tot bloemvorming overgaan; bij een continue behandeling in 20° en hooger 
vindt geen bloemaanleg plaats. Nu hebben wij in dit artikel alleen gewezen 
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op het effect der temperaturen bij uien, zooals we dit als nawerking te velde 
constateerden. Daarbij viel op te merken dat in groepen, die bij 20° en 
hooger waren behandeld op den duur een klein percentage bloemstengels 
te voorschijn kwam. Zijn die bloemen echter in 20° enz. gevormd of pas 
na het planten bij de temperatuur van den bodem? 

De invloed van de temperatuur op de bloemvorming zelf zal in een later 
artikel behandeld worden. Daarvoor werden ook reeds in dit jaar tijdens 
het bewaren op verschillende data bollen gefixeerd. Wij willen daaruit in 
verband met ons onderwerp den toestand vermelden op 19 Maart toen 
alle bollen uit de temperaturen naar 9° gingen en vervolgens geplant wer- 
den. Op dien datum is: 

van 18 bollen uit 13° bij 15 de vorming van de bloeiwijze begonnen; 

van 16 bollen uit 9° zijn 14 bloemvormend, iets minder ver dan in 13°; 

van 18 bollen uit 5° zijn 14 bloemvormend, minder ver dan in Os 

van 17 bollen uit 17° vertoonen 6 bollen een zwak begin van bloemvor- 
ming, terwijl in 20° tot 28° C. geen bloemvorming begonnen is. De bloemen 
dié na 20° en 28° C. later nog te voorschijn traden, zijn dus in de bodem- 
temperatuur aangelegd. 

In zoover vertoont de Ui groote gelijkenis met het gedrag der Irissen in 
die temperaturen. Of nu werkelijk in 20° tot 28° C. bij zeer lang verblijf 
bij de Ui geen bloem kan gevormd worden zooals bij de Iris, is hiermee 
nog niet volkomen bewezen en wordt nog nader onderzocht. Daar het 
gedrag der Iris-bollen zoo sterk afwijkt van andere gewassen, speciaal van 
de ons bekende bloembollen, is de gelijkenis van Allium Cepa in dit opzicht 
van belang. Het lage optimum van de bloemvorming bij 9° tot 13° C. komt 
bij Ui en Iris reeds volkomen overeen. Deze vergelijking zal nader onder- 
zocht worden. 

De groepen die eerst hooge temperatuur ontvingen en in de 2e helft 
5° of 9°, vertoonen op 19 Maart ten deele een begin van bloemvorming, 
zwak bij M (23°—5°) en P (28°—9°) en iets verder bij N (23°—9°); 
dit waren ook de groepen die (na 5° tot 13°) het rijkst bloeiden. K en L 
(eerst 5° en 9° daarna 23°), die op het veld veel minder bloeiden, ver- 
toonen op 19 Maart geen bloemaanleg. 

In figuur 1 is het percentage bloeiers zoowel op 24 Juni als op 20 Augus- 
tus afgezet. Wat er na 24 Juni bijkwam is in den bodem aangelegd en 
het is zeer onwaarschijnlijk, dat hierin nawerking van de tot 19 Maart 
gegeven temperaturen ligt. Daarom geeft de lijn van 24 Juni zeker een 
juister beeld van de werking en de eventueele nawerking der gegeven 
temperaturen. 


Wageningen, December 1940. 


FLOWERS OR BULBS WITH ALLIUM CEPA. 
Summary. 


For a biennial culture the onion is sown very densely in the first year, the small 
onions are gathered in the summer and then stored until the following spring. They are 
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then planted again and in the second half of July give the crop of full-grown onions. 
Now the danger is that they will flower and so not produce good bulbs. This depends 
on the treatment of the small bulbs. The object of the present investigation was to find 
out the influence of this treatment on their flowering or non-flowering. 

In the first year onion sets were chosen for these experiments of the breed Zittauer 
Riesen, measuring 19—26 mm in diameter (equalling 6—8 cm in circumference) and with 
weights, varying from 6 to 9 g, a batch of 20 weighing 143,6 g. The usual size of such 
sets is 16—19 mm; one size bigger was chosen on purpose, because then the chance of 
flowers being formed is greater and the question was how to prevent this flower-formation 
by some treatment or other. The stock was received on August 29, 1939, and the experi- 
ments were started on September 4. 

In the first place the bulbs were stored at temperatures, ranging from 5° to Zoe. 
(experiments A—H) until the time of planting. From practice, especially abroad it was 
known, that as a rule such small sets, in order to prevent flower-formation, are first 
kept cool till into December and then warm in a living-room. Therefore in the laboratory 
a number of groups were also treated with two temperatures, namely first cool (5° or 
9° C.), and from December 18 warm (23°C.). As a check this order was also inverted, 
namely first warm (23° or 28°), followed on December 18 by 5° or 9° (experiments 
K to P, see the tables). 

Each experiment was started with 200 selected bulbs (= 1436 g). These remained for 
28 weeks, until March 1940, in those different temperatures. During this period in all 
groups some bulbs became diseased (soft or withered), and also when planted a few 
more were lost by shrivelling after insufficient rooting. In this way in 9 months’ time 
from 10 to 25 percent of the bulbs were lost in the various groups; there was no clear 
evidence, however, of a relation to the treatment applied (see Table 1, of which the 
4th column shows the number of dropped out bulbs in the course of a year, and the last 
column the loss of weight during keeping, in %). 

On March 19, 1940, the temperature-treatment was stopped and all bulbs were then 
kept at 9°C., until they were planted in heavy clay under Maasdijk, which after the 
severe winter and subsequent rains could not be done before April 8. The distance 
between the rows was 20 cm, between the bulbs 10 cm. Four weeks later, on May 6, 
all groups had struck root well. No difference at all can be seen between the various 
treatments. A considerable number of plants show two shoots (are “‘split’), rarely 3 or 4 
shoots (see below). 

The flowering. After 644 weeks (May 24) the first flower-stalks are visible, numerous 
in A (5°) and B (9°), still few in C (13°). Later the state of things develops which is 
rendered in Table 2 (percentage of bloomers). The higher the temperature of storing 
the fewer flower-stalks develop ‘ater. As late as July 9 the groups, which were stored at 
23°, 2514° and 28°, do not show a single flower-stalk. After this date some bloomers 
still appear in the groups with no or few flowers, so that these groups also come out 
with a small percentage of bloomers. These flower-stalks, which are still very young 
when the bulbs are gathered, as a rule shrivel up entirely and do not harm the formed 
bulb any more. 

Temperatures below 5° C. will be tried next year. American investigators prefer —1° 
and 0° C. for this treatment, while they disapprove of temperatures above 20° on account 
of drawbacks which for this breed we could confirm in no respect. 

From the above it appears that in order fo prevent flower-stalks the onion sets must 
he storedoat.23° to 28°C. {4 to 4% bloomers on July 20). 

A treatment more or less in accordance with practical experience, “first cool, later 
warm” (K and L), does not give a large percentage of bloomers, but has no advantage 
whatever over “always warm”. 

The inverted treatment, tried as a check, does indeed yield a high percentage of 
bloomers. 

The splitting. It could be expected that with these big-sized sets many “splitting” 
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plants would be found, i.e. plants with two or more shoots instead of one. What influence 
will the temperature-treatment have in this respect? 

All in all there were on the field 1171 specimens with one and 1100 with 2 or more 
shoots. Table’3 gives the percentages of plants with one and with more shoots. Evidently 
the temperature cannot lave had much influence. 

As to the development of the onion, it was found on examination that in September, 
when the treatment was started, the buds of these shoots have already formed. None 
the less the treatment may of course have influenced the sprouting or non-sprouting. 

The opinion, sometimes met with, that a high temperature would promote splitting, 
certainly does not hold good for the breed here used. It may be pointed out that among 
the plants with one shoot 443 were bloomers and 728 non-bloomers, among those with 
more shoots, 614 bloomers and 486 non-bloomers. So splitting plants clearly are more 
likely to flower. 

Among agriculturists the opinion, or experience, is general that the bulbs of plants 
with more shoots (‘splitting plants) have a much lower selling-value. This point will 
be dealt with later. 

The yield. Although planting took place as late as April 8, the bulbs could be 
gathered about July 15 or 20. Owing to circumstances it had to be delayed until Juli 29. 
The crop was laid out in the open and dried at Wageningen, and was measured and 
weighed on August 20. Also bloomers may sometimes produce more or less suitable bulbs, 
we shall restrict ourselves, however, to the! yield of the non-blooming plants. Table 4 
gives a survey of the diameters of the bulbs of non-splitting plants and under these, 
in small type, of the twins (two shoots, producing two bulbs). 

It is seen from this table that more than half the bulbs of non-splitting plants, especially 
after warm treatment, have become big-sized (above 70 mm). The twins have for the 
greater part attained 50—70 mm, which is a very suitable size. Very few bulbs of 
35—45 mm have been formed, which have little value. 

Table 5 gives the average weight of individual, twin and triple bulbs (three shoots 
and therefore 3 bulbs with each plant), and in the last column the total yield of each 
group. This table shows very clearly indeed the favourable effect of the high temperatures, 
especially that of 28° C., which yielded most singles, twins and triplets with the highest 
total weight of over 28 kg, this being the crop of 200 small bulbs, (original weight 1,4: kg) 
of which 172 could he planted. In the columns of the singles and the total weights attention 
is drawn to the good agreement between similar treatments, e.g. 5°, 9° and 13° as con- 
trasted with 20° to 28°; —17° being in every respect a transitional temperature, suited 
neither for the formation of seed nor of bulbs. 

These big-sized sets yielded a crop with a large number of twins of very suitable 
dimensions. These split plants produced perfectly round bulbs, which experienced growers 
acknowledged to be practically quite equivalent to those of one-shooted plants. 


In all respects the treatment at 2514° to 28°C. proves to give the best results for 
onion sets of this breed. 


These phenomena with Allium Cepa are of importance for the relation between tem- 
perature and flower-formation. A nearer investigation on this subject is in course of 
progress. It has already appeared that on March 19, when the treatment was stopped, 
flower-formation had proceeded furthest with the bulbs in 13°, next in 9°, more feebly 
in 5° and hardly at all in 17°. As with the bulb-iris the optimum for flower- 
formation lies low, at 13° to 9°C. The flower-stalks which appear afterwards, after 
20°—28° C., were not originated in that temperature, but in the soil after the planting. 

The graph once more emphasizes the opposite effect of the lower temperatures, which 
here favour the generative processes, and of the higher temperatures, which inhibit the 


formation of flowers, while the vegetative activity is furthered and the yield of bulbs 
increased. 


Anatomy. — The oculomotor nucleus of the electric stargazers: Astro- 


scopus guttatus and Astroscopus y-graecum. By C. U. ARIENS 
KAPPERS. | 


(Communicated at the meeting of March 29, 1941.) 


Through the kindness of Prof. U. DAHLGREN of Princeton University 
N. J. we received, some years ago, the brains of two very interesting fishes: 
Astroscopus guttatus and Astroscopus y-graecum, occurring on the S. E. 
coast of America and in the Gulf of Mexico!). 

As first observed by Dr. GILBERT for Astroscopus guttatus and by 
Dr. HENSHALL for Astroscopus y-graecum these fishes produce an electric 
shock when touched. According to Miss WHITE chemical stimulation has 
the same effect. Dr. GILBERT found their electric organs to be located 
behind the eyes 2). As described by Prof. DAHLGREN in Science 1906, in 
the Carnegie Institute publications of 1914 and in an article in the Ana- 
tomische Anzeiger of 1906 by DAHLGREN and SILVESTER a large part of 
the eye muscles of these fishes has changed into an electric organ 
innervated by the oculomotor nerve. 

Figure 1 is a copy of SILVESTER’s drawing, showing on the right the 
extension of this organ and on the left the external muscles of the small 
eye (the obliquus inferior is not visible in this aspect). 

From this drawing it appears that the muscles are very much reduced. 
The rectus inferior has even changed to a thin thread which only increases 
near its insertion on the eye ball. 

All muscles, except the obliqui that have their insertions before the eye 
ball, are elongated to leave place for the electric organ. 

According to these authors and to Miss WHITE, who examined its 
ontogenetic development the electric organ derives its tissue from the 
myotomes of all the eye muscles except the rectus inferior and obliquus 
inferior. 

Although the obliquus superior, innervated by the trochlear nerve, and 
the rectus externus, innervated by the abducens, also participate in the 
structure of this organ, the organ, according to these authors, is innervated 
only by the oculomotor nerve by means of a strong branch, a small side- 
branch of which innervates what is left of the rectus superior muscle. 

As appears from our copy of DAHLGREN’s and SILVESTER’s picture and 


1) We take this opportunity to express our thanks to Prof. DAHLGREN for this rare 


material. 
2) Quoted from DAHLGREN and SILVESTER (so also JORDAN. A Guide to the study 


of Fishes, New York 1905 and JORDAN and EVERMANN. The fishes of North and Middle 
America. Bull. U.S. National Museum No. 47). 
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from our fig. 3 the oculomotor nerve is very big. Its transverse section is 
at least four times larger than that of the optic nerve. 


Fig. 1. Dorsal aspect of Astroscopus y-graecum, redrawn from DAHLGREN and 
SILVESTER. The m.m. obliqui of which only the m. obliquus superior is visible, 
are located frontally to the electric organ, the extension of which is indicated on 
the right side. The m.m. recti, originate behind the electric organ. The rectus 
superior runs through the electric organ and the rectus inferior is very much 
reduced, Compare the relative sizes of the oculomotor and optic nerves. 


Although the electric nerve leaves the brain with the branch innervating 
the rectus superior, it apparently contains fibres from the whole oculomotor 
nucleus, as already observed by Miss WHITE. 

Since the oculomotor nucleus of these fishes has not been described by 
these authors, we take this opportunity to give a brief description of its 
relations in Astroscopus guttatus and Astroscopus y-graecum. Unfortuna- 
tely the state of preservation of the material, though quite sufficient for 
stating the general relations, did not allow us to study cytological details. 

Our figure 2 shows the extension of the oculomotor nucleus of Astro- 
Scopus guttatus, projected on the sagittal plane of the brainstem, compared 
with an ordinary fish, Cottus scorpius, with normal eye muscles. From 
these diagrams, made in the way we introduced for measuring the locali- 
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zation and extension of motor nuclei, it appears that the oculomotor nucleus 
is enormously enlarged in Astroscopus guttatus. In Astroscopus y-graecum 
its metric relations are about the same. 


Astroscopus guttatus. 


fl 


Cottus scorpius. 


Fig. 2. Localization and sagittal extension of the eye muscle nuclei and roots 

and of the motor trigeminus nucleus and root in Astroscopus guttatus, compared 

with those of a fish, Cottus scorpius, with ordinary eye muscles, The oculomotor 

nucleus and root are horizontally, the trochlear nucleus and root vertically striped. 

The abducens nucleus is indicated by concentric circles, the motor trigeminus 
nucleus and root are dotted. 


The oculomotor nucleus of Teleosts may be divided into a dorso-lateral 
and a ventral part (HUET, KAPPERS, BLACK, VAN DER Horst, ADDENS). 

The ventral part of the oculomotor nucleus which, according to HapI- 
DIAN’s and DUNN’s experiments on the Goldfish (Carassius auratus), 
innervates the rectus superior (and obliquus inferior) in our Astroscopi is 
less hypertrophied than the dorso-lateral part. 

From fig. 3 it appears that in Astroscopus guttatus the frontal pole of 
the dorso-lateral nucleus protrudes forward into the optic ventricle, its 
middle part lies between the valvula cerebelli, (val. cer.) and the nucleus 
lateralis valvulae (N.L.V.), and its hindpole lies above the sulcus limitans 
of the aquaeduct, occupying the same place as HERRICK’s secondary 
gustatory nucleus does in other Teleosts, extending backward as far as 
the beginning of the motor trigeminus nucleus (Nu. V). The hindpoles 
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Fig. 3. Series of transverse sections of the oculomotor nucleus and trochlear 
region of Astroscopus guttatus. 
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Fig. 4. Series of transverse sections of the oculomotor nucleus and trochlear 
region of Astroscopus Y-graecum. 


S14 \ 


of the nuclei of both sides are separated on this level by the dorsal extension 
of the aquaeduct. 

In Astroscopus y-graecum (fig. 4) the hindpoles of the nuclei coalesce 
in the midline (as the dorso-lateral nuclei do), both halves being separated 
only by a thin septum. Together they practically fill up the whole aquae- 
duct, which at this spot is considerably extended by this nuclear mass. 

This different morphology of the hindpoles in Astroscopus guttatus and 
Astroscopus y-graecum apparently influences the course of the trochlear 
fibres. In Astroscopus guttatus they run medially to the hindpole of the 
nucleus close to the ventricle. In Astroscopus y-graecum, they run laterally 
to the hindpole of the nucleus. 

Although the trochlear roots are well preserved and have about the 
same position and size of the trochlear root in other Teleosts, the state of 
fixation in the centre of our material did not allow us to trace with cer- 
tainty the origin of its fibres. 

All we can say is that we have not been able to trace these fibres to a 
separate trochlear nucleus on the place where it usually occurs in Teleosts, 
i.e. on top of the fasc. longitudinalis posterior. Although this may be due 
to the state of our material, the relations in Astroscopus y-graecum suggest 
that the trochlear cells are located at the hindpole of the electric nucleus 
and that their celltype differs little from the type of the electric cells, 
although the cells are somewhat smaller. 

The trochlear root, however, is not hypertrophied. In Astroscopus y- 
graecum it is even very small. 

The abducens is not hypertrophied either, perhaps it is even reduced in 
size. The state of fixation not being any too good we have been able to 
find only one of its rootlets and by this we located one group of ventral 
cells belonging to it. There may be, however, a second rootlet and group 
of cells, as in most Teleosts. 

The large size of the oculomotor nucleus is not due only to an increase 
in number of its cells but chiefly to their increase in size. The cells 
themselves closely resemble the cells of the electric nerves of Torpedo 
marmorata1) described by BORCHERT, KAPPERS, STUART and Kamp, 
and Narke Japonica1), described by SuzukI. They are huge multipolar 
cells. Whether there are plasmodesms between these cells, as described 
by Suzuki in Narke Japonica, we do not know. Another point of resem- 
blance with the electric nucleus of the latter two fishes is its abundant 
vascularisation. Nearly each cell is located in a framework of capillaries 2). 


There are two questions which have to be considered in connection with 
our subject. 


1) The electric organ of these fishes is, however, derived from the gill musculature 
and innervated by the VII, IX and X nerves. 
*) This is especially evident in our series of Astroscopus y-graecum, where the blood- 


vessels are still filled with blood. In our drawings only the larger bloodvessels are 
indicated. 


Cp) 


The first question concerns those cells of the oculomotor nucleus that 
do not innervate the electric organ but the oculomotor muscles themselves, 
ie. all the root cells of the rectus inferior and obliquus inferior (muscles 
which do not participate in building up the electric organ) and those 
root cells of the rectus superior and rectus internus, that send their neurites 
into these muscles. 

The rectus inferior muscle being strongly reduced (see fig. 1), the search 
for its root cells (which in the goldfish are chiefly located in the dorso- 
lateral nucleus) is like looking for a needle in a bottle of hay. The root 
cells of the more developed obliquus inferior muscle according to HADIDIAN’s 
and DUNN’s experiments occur chiefly in the ventral nucleus. It may be 
therefore, that the somewhat smaller and darker cells of the ventral nucleus, 
indicated in our microphotograph of Astroscopus y-graecum (fig. 5), inner- 
vate this muscle. Since, however, most cells of the rectus superior and about 


Fig. 5. Transverse section about the middle of the oculomotor nucleus of 
Astroscopus y-graecum. Nu. III d.l. = dorso-lateral, nu. III V = ventral part of 
the nucleus; bl.v. == bloodvessels. 


Proc. Ned, Akad. v. Wetensch., Amsterdam, Vol. XLIV, 1941. 25 
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half of the cells of rectus internus according to these authors are also 
located in the ventral nucleus, the somewhat smaller cells located here 
may as well serve the rectus superior and internus. 

Curiously enough the purely motor cells of the III nucleus are also larger 
than the III cells of an ordinary Teleost and the same may hold good 
for the cells of the trochlear nucleus, if our assumption that the latter are 
located at the hindpole of the electric nucleus is right. 

Considering the general reduction of the eye muscles it is not astonishing 
that the number of these purely motor cells is small. 

The second question is inspired by the fact that, whereas the myotomes 
of the trochlear and abducens muscles participate in the formation of the 
electric organ, the trochlear and abducens nerve do not participate in its 
innervation. Apparently the elements derived from the obliquus. superior 
and rectus externus myotomes joining the electric organ are innervated by 
oculomotor branches. 

This heterogenous innervation might be explained by an overlapping of 
the termination of the three eye muscle nerves. 

Anastomoses of oculomotor fibres with the trochlear and abducens 
ending in the obliquus superior and rectus externus muscles have been 
described by PoirIER and CHarPy for man. MURAT and RUPASSOW experi- 
mentally confirmed their occurrence in cats. This overlapping, which only 
implies a few fibres, may be compared with the plurisegmental innervation 
of extremity muscles experimentally proved by AGDUHR and confirmed by 
LAWRENTIEW. 

Another explanation, advocated by ADDENS, is based upon the pheno- 
menon of secondary heterotopic innervation, as also observed in the tail 
musculature, where myotomes may be innervated hy a root different from 
the root normally innervating that myotome. 

Since peripheral anastomoses between the eye muscle nerves of Teleosts 
have not been observed, the latter explanation seems the more likely one. 
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Medicine. — Détournements des différentes formes de nystagmus dans 
le systéme nerveux central. II. Par A. DE KLEYN. 


(Communicated at the meeting of March 29, 1941). 


C. Détournements de l'arc réflexe observés dans certaines affections du 
systéme nerveux central sans cause déterminée. 


Contrairement aux observations précédentes, nous avons pu étudier 
nombre de cas de détournements sans avoir pu en préciser clairement 
l'étiologie chez des malades atteints le plus souvent d’affections nerveuses 
localisées dans la fosse cérébelleuse. 


I. Le détournement du nystagmus rotatoire s observe le plus souvent. 

Dix cas de ce genre ont pu étre observés !). 

A. Dans 9 cas nous avons vu un nystagmus, horizontal paradoxal chez 
des malades atteints d'affections bien différentes: 5 cas souffrant du 
syndrome de Méniére, 2 cas de tumeur de l'angle ponto-cérébelleux, une 
séquelle de méningite pneumococcique et un cas d'atrophie du cervelet. 

B. Dans un cas nous avons pu observer aprés l’épreuve rotatoire 
dextrogyre un nystagmus vertical battant vers le bas et aprés l’épreuve 
lévogyre un nystagmus horizontal au lieu d'un nystagmus rotatoire normal. 
Le diagnostic de probabilité de ce cas serait um processus pathologique se 
développant dans |'étage moyen-gauche du crane (dr. STENVERS). Voici 
en résumé deux observations cliniques de tumeur de l’angle ponto- 
cérébelleux (cas de la série A). 


a. premier cas, Homme, agé de 35 ans. 

Une tumeur de l'angle ponto-cérébelleux droit diagnostiquée par le dr. STENVERS était 
lors de l'opération confirmée par le neurochirurgien. Le malade succomba d'une pneumonie 
quelques jours aprés l’opération. 

L’examen auditivo-vestibulaire, fait un an avant l'intervention chirurgicale, montrait 
encore un fonctionnement partiel du nerf acoustique et aucune anomalie des pyramides 
pétreuses n'était a voir sur la radiographie. 


Examen auditif: 
Oreille droite: surdité type oreille moyenne. 


Diapason de 16 a 40 V.D. et diapason du ut (64 V.D.) n’étaient pas entendus. 
Audition nettement raccourcie du Fa®. 


1) NEUMANN, Jahrbuch f. Psychiatrie, 36, 550 (1914) a vu dans un cas de 
tumeur du velum medullare superius un nystagmus horizontal post-rotatoire au lieu dun 
nystagmus rotatoire. On observe souvent dans des affections du systéme nerveux central 
l'absence isolée du nystagmus rotatoire postgyratoire. Ces cas, ainsi que l’absence du 
nystagmus postrotatoire observé chez les nouveaux-nés seront rapportés plus tard. 
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Epreuve de Rinne négative. 
Epreuve de Schwabach raccourcie. 
Voix chuchotée: ad concham. 


Oreille gauche: normale. 
Examen vestibulaire: 
Troubles spontanés: 
En regard direct: léger nystagmus spontané horizontal vers la gauche. 
En regard latéral gauche: idem. 
En regard vers le bas: idem. 
En regard latéral droit: nystagmus spontané horizontal vers la droite. 
En regard vers le haut: nystagmus vertical vers le haut. 
Nystagmus de position: présence dans les deux décubitus: 
En position latérale droite de la téte: nystagmus spontané horizontal vers la droite. 
En position latérale gauche de la téte: nystagmus spontane horizontal vers la gauche. 
Signe de lindication spontanée: bras droit déviation spontanée vers le bas, le bras se 
mouvant dans le plan horizontal. 


Epreuve calorique: 
Oreille droite: eau froide: tant pour des quantités d’eau faible (5 cc.) et massives (75 cc.): 
pas de nystagmus, pas de signe de l'indication réactionnelle. Déviation des yeux vers la 
droite. 
Eau chaude: légére réaction nystagmique vers la droite. 
Oreille gauche: eau chaude et froide: réactions nystagmigues normales. Signe de l'indica- 
tion réactionnelle: normal. 


Epreuve rotatoire (disque électrique) 

1. En position assise: 
10 tours dextrogyres (temps 33”): nystagmus post-rotat. horizontal vers la gauche, 27 
secousses en 14”. La durée fut difficile 4 déterminer avec exactitude par la présence d'un 
leger nystagmus spontané vers la gauche. 
10 tours lévogyres: (temps 33”): nystagmus post-rotat. horizontal vers la droite, 29 


secousses en 13”. 
2. En décubitus dorsal: 
10 tours dextrogyres (temps 33”): nystagmus post-rotat. horizontal: 9 secousses en 7”. 
10 tours lévogyres (temps 33”): nystagmus post-rotat. horiz ontal: durée du nystagmus 12”. 
3. En décubitus latéral droit: 
10 tours dextrogyres (temps 33”): nystagmus post-rotat. vertical dirigé vers le bas, 19 


secousses en 12”. 
10 tours lévogyres (temps 33”): nystagmus post-rotat. vertical vers le haut, 20 secousses 


en 9”. 


b. Le deuxiéme cas se rapporte a une femme agée de 52 ans, atteinte 
d'une tumeur de l’angle ponto-cérébelleux. 
L’examen auditif révéla une surdité totale de l'oreille gauche et une fonction parfaite 


de l'oreille droite. L’examen radiographique des os temporaux (fait le 6 mai 1936) montre 
une grande dilatation du conduit auditif interne gauche avec atteinte du bloc osseux 


environnant. 


Examen vestibulaire: 


Troubles spontanés: 
Nystagmus spontané battant vers le haut seulement le regard porté vers le haut. Pas de 


nystagmus de position. 


Epreuve calorique: 
Le labyrinthe droit réagissait bien et normalement a l’épreuve chaude et froide. Signe de 
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l'indication réactionnelle présente (déviation des bras dans la direction typique aux deux 
épreuves). é 
Le labyrinthe gauche ne réagissait pas a l'épreuve chaude et froide non obstant l'emploi 
de quantités croissantes d'eau chaude et d'eau froide. 


Epreuve rotatoire (disque électrique). 

1. Malade en position assise: 
10 tours dextrogyres (30”): 21 secousses; nystagmus post-rotatoire vers la gauche. 
10 tours lévogyres (30”): 18 secousses en 11”: nystagmus post-rotat. horizontal vers la 
droite. 

2. Malade en décubitus dorsal: 
10 tours dextrogyres (30”) 21 secousses en 10”: nystagmus post-rotat. horizontal (mon 
rotatoire). 
10 tours lévogyres (30"): 12 secousses en 17”: nystagmus post-rotat. horizontal (non 
rotatoire). 

3, Malade en décubitus latéral droit: 
10 tours dextrogyres (30”): 25 secousses en 12”, nystagmus post-rotat. vertical vers le bas. 
10 tours lévogyres (30”): 16 secousses en 11”, nystagmus post-rotat. vertical vers le haut. 


Dans ce cas nous voyons une absence totale de nystagmus spontané en 
regard direct, constaté dans le cas précédant. 


c. Le troisigme cas est le rapport d'une fillette agée de 13 ans chez qui lors d'une 
méningite pneumococcique nous avions exécuté une labyrinthectomie droite en date du 
21 janvier 1939. Pas de nystagmus spontané 4 voir dans les différentes positions du regard. 
A lépreuve rotatoire (18 mars 1940) nous pouvions déclencher un nystagmus post-rotatoire 
horizontal faible mais typique battant vers la droite et la gauche ainsi qu'un nystagmus 
post-rotatoire vertical dirigé vers le haut et le bas. Pendant ces formes de nystagmus nous 
pouvions voir cependant une déviation prononcéee des globes dans le sens de la phase 
lente. Aucune tentative a déclencher un nystagmus post-rotat. gyratoire ne nous réussissait, 
mais une simple déviation horizontale apparut aprés une rotation lévogyre et dextrogyre, 
la malade étant couchée sur le dos. 


d. Le cas suivant montre un exemple d'un détournement simultané d'un nystagmus 
rotatoire en un nystagmus horizontal et d'un nystagmus vertical battant vers le haut en 
un nystagmus horizontal. 

Un homme, Agé de 46 ans, était sujet a des crises violentes de vertiges, accompagnées 
de vomissements multiples. 

Examen interne et neurologique: normal (27 décembre 1939). 

Examen sérologique: réactions de BORDET-WASSERMANN et de SACHS—GEORGI 
négatives. 

Examen auditif: normal (voix chuchotée et examen aux diapasons). 

Examen vestibulaire: 


Troubles spontanés: pas de nystagmus spontané, pas de nystagmus de position. Le 
nystagmus optocinétique est normal dans toutes ses formes: cortical et sous-cortical dans 
le plan horizontal et vertical. 


Epreuve calorique: normale (eau chaude et froide). 

Réactions d’adaption statigue de RADEMAKER et GARCIN: vives. 
Epreuve rotatoire (disque électrique): 

1. Malade assis: 


10 tours dextrogyres (48”), 43 secousses en 43”: nystagmus post-rotat. horizontal vers la 
gauche. 


10 tours lévogyres (50”): 36 secousses en 39”: nystagmus post-rotat. horizontal vers 
la droite. 
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2. Malade en décubitus dorsal: 
10 tours dextrogyres (48"): 20 secousses en 13”: nystagmus post-rotat, horizontal vers la 
droite. 
10 tours lévogyres (50”): 10 secousses en 9”: nystagmus post-rotat, horizontal vers la 
gauche, 

3. Malade en décubitus latéral droit: 
10 tours dextrogyres (48”): 16 secousses en 10”: nystagmus post-rotat. vertical vers 
le bas. 


10 tours lévogyres (50”): 10 secousses: nystagmus post-rotat. horizontal vers la gauche 
(absence de nystagmus vertical vers le haut). 


Lors des examens, recommencés peu aprés dans les mémes conditions 
techniques, le malade étant couché sur le dos mais tourné dans le sens 
lévogyre, nous avons pu observer cependant quatre secousses nystagmiques 
post-rotat. gyratoires vers la gauche, suivies immédiatement de 16 secousses 
horizontales vers la gauche. Aprés la rotation dans le sens dextrogyre, la 
réaction restait identique au premier examen. Dans notre série seulement 
un cas analogue (secousses nystagmiques post-rotatoires, suivies de secous- 
ses horizontales) nous est connu encore. 

Le méme phénoméne se présentait dans notre observation suivante au 
moment ou nous voulions déclencher un nystagmus vertical. 


e. Cinquiéme cas. Un homme 4gé de 35 ans, souffre de crises de vertiges pendant 
lesquelles tout semble tourner, accompagnées de sensations nauséeuses désagréables, 

Examen interne et nevrologique: normal. 

Examen radiographique: (21 mars 1933): normal. Configuration des conduits auditifs 
internes: normale. . 

Audition: voix chuchotée: oreille droite, entendue 4 75 cm; oreille gauche, entendue a 
25 cm (surdité du type labyrinthique). 


Examen vestibulaire: 
Troubles spontanés: absence de toutes les formes. 


Epreuve calorique (chayde et froide): les deux labyrinthes semblent normaux. Le laby- 
rinthe gauche est un peu plus excitable que le droit. Signe de l'indication réactionnelle 
normale, a l'exception de l'indication vers lintérieur du bras gauche. 


Epreuve rotatoire (disque électrique). 

1. Malade assis. 
10 tours dextrogyres (30”): 52 secousses en 25”, nystagmus post-rotat. horizontal vers 
la gauche. 
10 tours lévogyres (30”): 30 secousses en 20”: nystagmus post-rotat. horizontal vers la 
droite. 

2. Malade en décubitus dorsal. 
10 tours dextrogyres (30”): 50 secousses en 26”, nystagmus post-rotat. hovizontal vers la 
gauche, pas de nystagmus rotatoire vers la droite. 
10 tours lévogyres (30”): 36 secousses, nystagmus post-rotatoire vers la droite, suivi de 
18 secousses: nystagmus horizontal vers la droite, le tout en 33), 

3. Malade en décubitus latéral droit: 
10 tours dextrogyres (30”): 17 secousses en 14”: nystagmus post-rotat. vertical vers le bas, 
suivi de quelques secousses horizontales vers la gauche. 
10 tours lévogyres (30”): 30 secousses en 16”: nystagmus post-rotat. vertical vers le haut, 
suivi de 2 secousses horizontales vers la droite. 
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Aprés ces seuls exposes cliniques, je ne tarde pas a signaler deux faits: 

1. Dans la série des neuf cas, deux cas seulement présentent un léger 
nystagmus spontané dans le regard direct (un cas de tumeur de l’angle 
ponto-cérébelleux et un cas de Méniére). Les sept autres cas cependant 
ne présentent absolument aucun nystagmus spontane. 

2. Un point important est le fait que dans les cas ou l'on voulait déclen- 
cher un nystagmus post-rotat. gyratoire p.ex. vers la gauche (malade couché 
en décubitus dorsal), celui-ci n’était pas seulement remplacé par un 
nystagmus horizontal, mais ce dernier prenait une direction tantot vers la 
gauche, tantét vers la droite. 

Des 9 cas, trois cas présentaient un nystagmus horizontal vers la gauche 
et quatre cas un nystagmus vers la droite. Dans deux cas le sens du 
nystagmus horizontal n’a pas été enregistré. 

L'inverse se montre lors de la rotation lévogyre. Ce fait démontre que 
dans certaines affections du systeme nerveux central, les détournements ne 
se présentent pas seulement par des modifications dans les formes nystag~- 
miques réactionnelles mais au surplus par des modifications dans le sens 
du nystagmus déja modifié. 

g. Homme, agé de 30 ans. 

Diagnostic probable du neuxologue dr. STENVERS: Affection cérébrale de l'étage 
moyen-gauche. 


Examen acoustique (21 janvier 1935): normal. Voix chuchotée entendue des deux 
cétés a la distance normale. 


Examen vestibulaire: 

Troubles spontanés: 
Absence de nystagmus spontane. 
Absence de nystagmus de position. 
Absence du signe de l'indication spontanée. 


Epreuve calorique (chaude et froide). 

Les deux labyrinthes sont normaux et le signe de l'indication réactionnelle: typique. 
Epreuve rotatoire: 

1. Malade en position assise: 


10 tours dextrogyres (31”): 38 secousses en 21”. Nystagmus post-rotat. horizontal vers 
la gauche. 


10 tours lévogyres (31”): 29 secousses en 14”: nystagmus post-rotat. horizontal vers 
la droite. 


2. Malade en décubitus dorsal: 


10 tours dextrogyres (31"): 31 secousses en 18”: nystagmus post-rotat, vers le bas (au 
lieu d’un nystagmus rotafoire vers la droite). 


10 tours lévogyres (31”): 27 secousses en 16”: nystagmus post-rotat. horizontal vers la 
droite (au lieu d'un nystagmus rotatoire vers la gauche). 
3. Malade en décubitus latéral droit: 


10 tours dextrogyres (31”): 40 secousses en 15”, nystagmus post-rotat. vertical vers le bas. 
10 tours lévogyres (31”): 16 secousses en 8”, nystagmus post-rotat. vertical vers le haut. 


Dans ce cas un nystagmus vertical, battant vers le bas, remplacait le 
nystagmus rotatoire classique aprés rotation dextrogyre et un nystagmus 
horizontal détourne le nystagmus rotatoire aprés la rotation lévogyre. 
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Il. Dans les deux cas suivants le nystagmus horizontal est détourné en 
un nystagmus vertical aprés rotation des malades assises, la téte 
légérement inclinée en avant 2). 


a. Premier cas, Madame L., agée de 72 ans, souffrant de fortes névralgies du 
trijumeaux et de crises de vertiges, est admise a la clinique. Le docteur STENVERS, 
neurologue, ayant assisté personnellement a deux de ces crises, avait pu observer un 
nystagmus rotatoire spontané battant vers la droite lors de la premiére et un nystagmus 
spontané horizontal lors de la deuxiéme crise, mais sans aucune perte de conscience. 
Il y avait pendant la marche une chute bien nette vers la droite (dysharmonie vastibulaire 
de BARRE). 

Les examens internes et neurologiques étaient normaux. 

Signalons qu'un an auparavant la malade avait souffert d'une lithiase rénale et avait 
subi une ablation de la glande mammaire (carcinome). 

Examen acoustique (29 octobre 1934): normal. 

Examen vestibulaire: 

Troubles spontanés: pas de nystagmus. 


Epreuve calorique: n'a pas eu lieu par suite d'un eczéma du conduit auditif externe. 


Epreuve rotatoire: 

1. En position assise. 
10 tours dextrogyres: pas de nystagmus. 
10 tours lévogyres: nystagmus post-rotat. vertical battant vers le bas, durée 13”. 

2. En décubitus dorsal: 
10 tours dextrogyres: nystagmus rotatoire vers la droite, durée 18”. 
10 tours lévogyres: nystagmus rotatoire vers la gauche, durée 18”. 

A la suite de l'état tres nauséeux et vertigineux de la malade, le nystagmus vertical 
n'a pu étre contrélé. 

Son départ nous a empéché de faire un examen plus complet. Par la suite je peux 
rapporter que deux ans plus tard la femme semblait étre débarrassée de ses souffrances. 


b. Deuxieme cas. Chez un homme, Agé de 38 ans, souffrant d'une sclérose multiple 
(Dr. STENVERS) (15 mai 1933) nous avons pu recueillir les données cliniques suivantes: 

Examen acoustique: normal. 

Examen vestibulaire: 

Troubles spontanés: 

En regard direct: pas de nystagmus. 

En regard latéral droit: nystagmus horizontal spontané vers la droite. 

En regard vers le haut: nystagmus spontané vertical dirigé vers le haut. 

En regard vers le bas: nystagmus spontané vertical dirigé vers le bas. 

En regard latéral gauche: parésie du regard, les yeux ne dépassant pas la ligne 
médiane. Pendant la tentative des globes oculaires de porter le regard vers la gauche, 
il n’y a aucun nystagmus a voir. 

Pas de nystagmus spontané, pas de signe de l'indication spontanée. 


Epreuve calorigue: l'épreuve calorique froide de I’oreille gauche, le malade en décubitus 


2) JONES (JONES, I. H., Equilibrium and vertigo, Lippincote, Philadelphia and London 
1918) signale dans ce travail différents cas de ,,perverted nystagmus’ entre autres: un cas 
d'un malade atteint d’une tumeur pontine présentait un nystagmus rotatoire post-gyratoire 


au lieu d'un nystagmus horizontal. 
UNTERBERGER (Ztschr. v. Hals-, Nasen und Ohrenheilk, 36, 207 (1934), a observé un 


cas clinique d'un tubercule localisé dans la fosse-Rhomboide qui présentait un nystagmus 
vertical post-rotatoire au lieu d'un nystagmus horizontal. 
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dorsal, déclenchait un nystagmus horizontal vers la droite, accompagné du signe de 
l'indication typique. . 

L’épreuve calorique froide de Yoreille droite, ne provoquait qu'une déviation des yeux 
dans le plan horizontal vers la droite et le signe de l'indication réactionnelle. 


Epreuve rotatoire: 


1. Position assise: 
10 tours dextrogyres (32") nystagmus post-rotatoire vertical vers le bas, pas de nystagmus 


horizontal, 14 secousses en 16”. 
10 tours lévogyres (32") déclenchent un nystagmus post-rotatoire horizontal vers la droite, 
suivi peu aprés par un nystagmus diagonal. 

2. En décubitus dorsal. 
10 tours dextrogyres (32”): nystagmus post-rotatoire vers la droite, 23 secousses en 13”. 
10 tours lévogyres (32”): nystagmus post-rotatoire vers la gauche, 5 secousses en 8”. 

3. En décubitus latéral gauche. 
10 tours dextrogyres (32”): nystagmus post-rotatoire vertical vers le haut, 7. secousses 
en 8”. 
10 tours lévogyres (32”): nystagmus post-rotat. vertical vers le bas, 50 secousses en 17”. 


L’épreuve rotatoire recommencée et contrdlée quelques jours plus tard, nous donna les 
mémes résultats, 


L’examen de la forme subcorticale du nystagmus optocinétique nous révéla les mémes 
anomalies. Dans le but de déclencher la forme subcorticale battant vers la gauche dans le 
plan horizontal, nous voyions un nystagmus vertical dirigé vers le bas. La forme corticale 
battant vers la droite dans le plan horizontal était normale. 


Ce cas nous montre d'une facon bien nette combien les détournements 
dang le systéme nerveux central peuvent étre isolés. Ce malade p. ex. 
réagissait normalement a l’épreuve calorique par un nystagmus horizontal 
et présentait a l'épreuve rotatoire et optocinétique horizontale un nystagmus 
vertical paradoxal. 


Medicine. — Tonic neck-reflexes on the eye-muscles in man. By A. DE 
KLEYN and H. W. STENVERS. 


(Communicated at the meeting of March 29, 1941.) 


In 1907 BARANY?!) in his publication on ““Augenbewegungen durch 
Thoraxbewegungen ausgelost” communicated that when fixing the head 
of rabbits and then turning the trunk in relation to the head round different 
axes, eye-movements developed. These new eye-positions remained as long 
as the position of the trunk in relation to the head was not changed, Later 
it became evident that these neck-reflexes on the eyes are of great physio- 
logical significance 2), at least as far as animals like rabbits which have no 
spontaneous eye-movements are concerned. 

The first communication of these reflexes in man was of BIKELES and 
RuTTIN 3). They recorded the history of an 18 year-old male, who 
developed complete deafness after recovering from a cerebrospinal menin- 
gitis. It was impossible to elicit vestibular reflexes by caloric stimulation, 
turning etc. However, marked compensatory eye-movements developed 
after turning the head in relation to the trunk, The authors mentioned 
different reasons to explain their opinion that here reflectoric and not 
voluntary eye-movements existed. The cause of these eye-movements was 
thought to be either vestibular reflexes (which had to be elicited in another 
part of the labyrinth than the caloric and turning reactions — e.g. in the 
otolithic apparatus —) or reflexes which were caused by stimulation of 
the neck joints. To discriminate these possibilities they performed the 
following experiment. They fixed the head in relation to the trunk and then 
turned both head and trunk 90° to the right or to the left. No eye-move- 
ments developed behind the closed eyes, whereas these could very well be 
observed when the head was turned in relation to the trunk. So they draw 
the following conclusion: ‘‘Demnach muss man die bei activen und passiven 
Kopfdrehungen beim Patient festgestellten reflektorisch, kompensatorischen 

-Augenbewegungen als nicht vestibularer Ursprungs, sondern als durch 
sensibele Reize infolge Lageveranderungen in den entsprechenden Gelenken 


ausgelést ansehen”. 
From the communication of BIKELES and RUTTIN it appears that they 


1) BARANY, R., Zentralbl. £. Physiol., 20, 298 (1907). 
2) KLEYN, A. DE, Arch. Néerl, de Physiol. de l’Homme et des animaux 2, 644 (1918) 
et 7, 138 (1922); Proc. Kon. Akad. v. Wetensch., Amsterdam, 33, 509 (1920); Pfliigers 


Archiv, 186, 82 (1921). 
3) BIKELES, G. und RUTTIN, E., Neurol. Zentralbl., 34, 807 (1915). 
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did not examine exactly if in their case there existed compensatory eye- 
movements or compensatory eye-positions. Also in later literature this 
difference is not always taken into consideration, and owing to this much 
confusion arose. 

Compensatory eye-movements develop after movements of the head and 
immediately or nearly immediately stop when the head ceases to move. 
They are reflexes of the semi-circular canals and are called compensatory 
because the eyes are drawn in a direction opposite to that of the head, 
thus trying to keep their position in space. 

On the other hand compensatory eye-positions stop as soon as the head 
alters its position in space or in relation to the trunk, They remain un- 
changed as long as the positions of the head or the trunk are the same!). 

In daily life the position of the head is incessantly changed: compen- 
satory eye-movements and compensatory eye-positions codperate in a 
harmonious way. During these changes in position in the first place move- 
ments are made by the head which, when not executed too slowly, are 
accompanied by compensatory eye-movements. Secondly both the position 
of the head in space and the position of the head in relation to the trunk 
are changed. The tonic neck and labyrinthine reflexes on the eyes caused 
in this way give rise to compensatory eye-positions. 

The name “‘tonic’ was given to these last reflexes because they stand 
out as long as the positions of the head and trunk remained unchanged; 
the word “‘labyrinthine reflexes’ was used when the reflexes were caused 
by changing the position of the head in space (i.e. a change of the laby- 
rinths in space); “neck reflexes” if the reflexes were due to a change of 
position of the head in relation to the trunk. 

We have at our disposal the following auxilliary methods to examine 
the tonic labyrinthine and tonic neck-reflexes separately. 

Labyrinthine reflexes can be examined separately by bringing the head _ 
in different positions in space, taking care that the position of the head in 
relation to the trunk remains unchanged. In men or animals with eliminated 
labyrinths, neck-reflexes develop when the position of the head is changed 
in relation to the trunk, or when, in men or animals with a functionating 
labyrinth, the development of labyrinthine reflexes is prevented by fixing 
the head, and the position of head and trunk in mutual relation is changed 
by moving the trunk. 

Besides, no tonic labyrinthine reflexes appear in the various asymmetric 
positions of the head in relation to the trunk if the patients turn their head 
in sitting position, incline their head in dorsal position or move their head 
back and foreward in lateral position. This is due to the fact that in all 


1) Generally speaking compensatory eye-movements develop if the animal or individual 
makes movements with the head from out the normal position. The same holds good with 


regard to the compensatory eye-positions developing after turning the head from the 
normal to another position (DE KLEYN l.c.). 
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these cases the position of the labyrinths in relation to the horizontal plane 
remains unchanged. 

It was BARANY!) who first made this investigation in man. In neonati 
and premature infants he changed the position of the trunk in relation to 
the fixed head and observed a change of the eye-positions in the direction 
of the palpebral-fissure. The eye-positions remained as long as the position 
of the trunk in relation to the head was unchanged. 

These horizontal tonic neck-reflexes on the eyes could be observed by 
BARANY only during the first two days after birth; after this spontaneous 
eye-movements of the children made the observation impossible. 

These spontaneous eye-movements account for the fact that in adults 
the reflexes could only be demonstrated in cases of serious diseases of the 
central nervous system, that is to say as far as tonic neck reflexes in 
horizontal and vertical direction are concerned. Rotatory eye-positions, 
caused by tonic labyrinthine and neck-reflexes, can also be observed in 
normal individuals. 

This, however, is not surprising considering the fact that voluntary 
rotatory eye-movements cannot be executed and so cannot have a distur- 
bing influence. 

We shall yet give the different forms a more extensive notice. 


A. Horizontal eye-positions caused by tonic neck reflexes. 


As communicated above BARANY observed these reflexes in neonati and 
premature infants. In elder patients we were able to make the following 


observation. 


B., 12 years. 

This patient was examined by us in the clinic of Professor WINKLER. Some photographs 
of the changed eye-position after turning of the head have already been published 
elsewhere 7). 

Here follows a more extensive history together with the pathological-anatomical 
disturbances in the central nervous system. 

Previous history (May 31st, 1920): In August 1919 the patient complained of bad sight, 
head-ache and vomiting. The gait became unsteady: on admission it was impossible for 
her to walk. Speech was slurring, but the patient did not use the wrong words. 

Present history: June 6th, 1920: When in rest a strabismus convergens was present, 
the right eye deviating to medial. Permanent large vertical and horizontal movements 
of the eyes were present but no nystagmus. Looking to the left was not maximally, at 
the same time a quick, nearly vertical nystagmus with its quick component upward to the 
left appeared. 

Looking to the right was also restricted, the left eye moves more in the nasal direction 


1) BARANY, R., Acta Oto-Laryng., 1, 97 (1918); VOSS (Folia Oto-Laryng., II, 24, 
16 (1925)) and BERBERICH und WIECHERS (Ztschr. f, Kinderh., 38, 59 (1924)) described 


such reflexes in neonati. 
2) STENVERS, H. W., Ztschr. f. d. ges. Neur. und Psych., 92, 484 (1924); Handb. 


d. Neurologie, Buke Foerster, Bnd V, 543 (1936); MAGNUs, R., Kérperstellung, Berlin, 
Springer (1924). 
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than the right one in the direction of the temporal bone; now an irregular, sometimes 


vertical, sometimes horizontal nystagmus was present. 
Looking up- and downward is coordinated and maximally; the vertical nystagmus was 
respectively directed upward and downward. The sensation for touch was disturbed on 


the right arm, trunk and leg. 
The feeling of forms was disturbed at the right and at the left. There existed a right- 
sided paresis of the extremities together with a strong tendency for various movements 


with large components. 
Both the left and right papillae nervi optici were atrophic. The visus was < 1/60, on 


the left side less than on the right. The pupils reacted to light. ; 

When trying to walk the patient showed a strong tendency to walk and fall backward. 
If the patient was supported in the axilla during her attempt to walk, the head and the 
trunk were inclined to the right. 

Juni 30th, 1920: Ventriculography: 200 cc. of air were insufflated: both ventricles 
appeared to be considerably enlarged. On the left side, at the level of the gangliae, a 
large shadow was seen, ks 

March 1921: A strong analgesia of the right part of the trunk could be observed. Deep 
sensation was absent on the right side. 

April 1921: A motoric aphasia had developed. 

April 29th, 1921: The patient was examined with Prof. MAGNUS. On turning the head 
to the left and to the right, the right arm showed distinct typical tonic neck-reflexes, 
more pronounced on right than on left turning. 

February 23th, 1922: Syringeing of the left ear with 55 cc. of. water (28° C) caused 
a pronounced nystagmus to the right. Syringeing of the right ear with 55 cc. of water 
(28° C): immediately a horizontal nystagmus to the left appeared. 

February 28th, 1922: Examination with Professor MAGNUS: fypical strong tonic neck 
reflexes, both on the arms and on the legs. 


January 20th, 1923: Head in dorsal position, symmetrically in relation 
to the trunk. Eyes were in the middle position and made permanent 
irregular nystagmoidal movements. 

On turning the head to the right, the right eye moved maximally to the 
left, the left eye somewhat to the right. 

The same appeared if the movements of the head were executed slowly 
to eliminate reflexes of the semi-circular canals. 

If the patient was placed in the right lateral position, the head sym~- 
metrically in relation to the trunk (fig. 1) the position of the eyes was 
completely the same as described above (head in dorsal position, sym~- 
metrically in relation to the trunk). If however, the trunk was turned to 
the dorsal position but the head was left in the right lateral position, the 
right eye returned maximally to the left and the left eye somewhat to the 
right (fig. 2). 

The reverse took place if, the patient in dorsal position, the head was 
turned to the left or, the patient completely in the left lateral position, the 
trunk was turned to the dorsal position (head remaining in left lateral 
position). Now the left eye moves maximally to the right and the right eye 
somewhat to the left. These eye-reflexes were of a tonic character and 
remained as long as the position of the head and the trunk was unchanged. 
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Caloric examination: 75 cc. of water (17° C), right ear: a horizontal nystagmus to the 
left of the right eye developed. This eye overreacheg in the slow phase the middle position 
to the right. 

On the leff eye a horizontal somewhat rotatory nystagmus to the left appeared, the 
eye came to the middle position during the quick phase, but did not surpass it. 

75 cc. of water (17° C): Left ear: Strong, long-lasting horizontal nystagmus to the 
right of both eyes. 

December 31st, 1923: Right ear: Syringeing with cold water elicited first a maximal 
deviation of the right and left eye to the right. After this a strong horizontal nystagmus 
of the right eye to the left appeared. Left eye: A horizontal rotatory nystagmus to the left 
appeared, somewhat directed downward: the eye reached scarcely over the middle 
position. 

Left ear: Syringeing with cold water: a strong horizontal nystagmus to the right of 
both eyes appeared. During the slow component to tha left, the left eye did not overreach 
the middle position, the right eye moved quite undisturbed to the left. 

Eye movements: 

Looking upward: The patient raised her eye-brows, at the left more than at the right. 
The eye-lids were also moved, however not trace of any movement whatever of the eyes 
upward was to be seen. In the eyes repeated convergential movements appeared. Often in 
the left eye a horizontal movement directed to the right was present, whereas in the 
right eye a rotatory movement with its upper pole directed to the right appeared, at the 
same time the right eye moved somewhat downward. 

Looking downward: The left eye turned horizontally to the right. The right eye turned 
downward. 

Looking to the right: The left eye turned to the right, the right eye moved to the 
middle position to the right, and showed nystagmus movements directed downward. 

Looking to the left: Patient moved her head to the left direction, in the eyes however 
no looking to the left could be noticed. 


July 17th, 1923. The patient. 7 


On autopsy the ventricles appeared to be extremely dilated. The left basal gangliae 
were enlarged and protruded in the dilated left ventricle. The cerebellum. and the pons 
were macroscopically normal. 

Frontal section of the basal ganglia (fig. 2) revealed a voluminous cystic tumour in 
the left basal ganglia. The right thalamus and the basal ganglia were displaced to the 
right. On serial examination it appeared that the tumour was ‘continuous at the left side 
through the mesencephalon. The tumour protruded in the aquaeducts. The tumour was 
tightened by the brachia conjunctiva. The left brachium conjunctiv. was partly prolife- 
rated by the tumour. The tumour infiltrated and destroyed the frontal part of the 
substantia nigra; distally and medially the nearly intact border of the left nucleus was 
present. ; 

In the same section at the right side, the nucleus ruber was damaged more distally. 
A remnant of the corpus subthalamicum can still be seen. 

The fibres of the nucleus ruber were stronger on the left than on the right. In the 
oculomotor nucleus, displaced to lateral, intact cells are distinctly seen on the right. On 
the left the cells have nearly completely disappeared. 

On the left side of the motoric trigeminal nerveroot, in the tegmentum, the number 
of transverse sectioned fibres is but small (fig. 4). On the right the pallido-tegmental 
and the pallido-olivary tracts (nomenclature WINKLER) are distinctly seen; on the a 
they have disappeared. On the right in the rubro-spinal tract there is atrophy. Section 
through the frontal part of the inferior olivary nucleus (fig. 5) reveals a marked dege- 
neration of the left pallido-olivary and pallido-tegmental tracts. 
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The crossed, i.e. the right rubro-spinal tract is also nearly absent. 

With regard to the extension of the tumour and the degenerations of the damaged 
tracts it is evident that on the left side the basal ganglia have been eliminated until and 
including the frontal part of the mesencephalon just above the nucleus ruber. 

The degeneration of the rubro-spinal tracts proves that the left nucleus ruber has 
been damaged seriously. 


B. Vertical eye-positions caused by tonic neck reflexes. 


In 1924 ScHUSTER!) published an interesting observation of a patient 
who developed, when looking downward, a complete ocular palsy, whereas 
the eye-movements in all other directions were normal. Sometimes the 
patient was able to follow an article, provided this object was moved down- 
ward from the upper part of the visual field. 

The following interesting symptoms were noted: 

If the head of the patient was inclined with the chin on the chest, the 
eyes turned upward (patient in dorsal or in standing position). If, however, 
the head was turned in the opposite direction, the eyes went downward. 
When doing so it was necessary to distract the patient's attention. 
SCHUSTER called this symptom the “Puppenkopfphanomen’”. 

This experiment could be made more easily if the movements were done 
quickly. SCHUSTER considered this to be due to the fact that the develop- 
ment of disturbing eye-movements was more difficult in quick movements. 
Therefore spectacles, covered with paper, were placed before the eyes, to 
avoid fixation of the eyes. 

To settle the fact whether or not the above mentioned reflexes were of 
labyrinthine origin, the following experiment was made. The patient was 
fixed on a horizontal plank so that the position of the head in relation to 
the trunk could not be changed. Now the upper part of the plank was 
slowly turned downward, the spectacles being placed before the eyes. 

Even on turning the plank more than 45°, the eyes remained immovable, 
as could be noticed from side-face. Turning of the plank in the opposite 
direction revealed the same phenomenon. 

From these experiments SCHUSTER draws the conclusion that, in his case, 
the just-mentioned reflexes were neck and not labyrinthine reflexes. 

SIMONS 2) draws attention to the fact that it was not stated by SCHUSTER 
if the reflexes on the eyes were tonic, i.e. if the eyes remained deviated as 
long as the head was turned in relation to the trunk. He communicated also, 
that together with BERNHARDT *), he had examined in 1919 an unconscious 
patient with encephalitis lethargica, which patient developed, six days 
before exitus, when bending the head on the chest (which could be done 
without pain) a marked regular and rather quick deviation of the eyes. 
The eyes remained tonically in this new position as long as the position 


1) SCHUSTER, P., Dtsch. Ztschr. f. Nervenheilk., 70, 97 (1921). 

2) Simons, A., Ztschr. f. d. ges. Neurol. und Psych., 80, 499 (1923). 

3) BERNHARDT, G. und SIMONS, A., Neurol. Centralbl., 39, 705 (1919); SIMONs, A., 
Neurol. Centralbl., 39, 132 und 256 (1920). 
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of the head was unchanged. Besides the patient showed the same symptoms 
when being in dorsal, sitting or lateral position, BERNHARDT and SIMONS 
did not investigate if in their patient tonic neck or tonic labyrinthine reflexes 
were present, because, when making their examination, they had no know- 
ledge of these two forms. However, it is evident that in their case tonic 
neck-reflexes were present, as the symptoms developed in sitting, dorsal 
and lateral position of the patient. 

It is important to remember that SCHUSTER emphasises the fact that the 
reflexes on the eyes developed especially when moving the head quickly, 
whereas the movements in his experiments with the plank were executed 
slowly. In order to exclude with certainty labyrinthine reflexes it would 
have been more conclusive if he had been able to demonstrate the absence 
of eye-movements in moving the plank quickly. The possibility remains 
that in his case reflexes of the semi-circular canals were present, which 
were failing in the experiments with the plank, because the movements 
were then executed too slowly to surpass the threshold of eliciting these 
reflexes. 

Some months before we read the communication of SCHUSTER we were 
able to examine a patient with vertical tonic neck-reflexes on the eyes in 
the clinic of Professor WINKLER at Utrecht. Remarkably enough in this 
case we had eliminated tonic labyrinthine reflexes in exactly the same way 
as described above. As it could be settled that in this patient, in moving 
the head slowly, the reflexes were also of a tonic character, it was evident 
that here tonic reflexes on the eyes were present. — 

Here follows the history of this patient (boy of 8 years, admitted to the 
clinic of Professor WINKLER from February 15th—July Ist, 1921). 


Previous history (February 15th 1921). 

Birth was normal, he talked and walked at normal age, but was incontinent off and 
on. When three years old he had pneumonia; at six he went to school, learning normal. 

Three months before admission his walk became disturbed, he stumbled over every- 
thing, and sometimes fell to the ground, He preferred to sit in a chair. Vomiting, inde- 
pendent of eating, developed and he suffered from increasing head-ache. The patient was 
right-handed, had never suffered from epilepsy, never been unconscious. In November 
1920 he complained of diplopia. 

Family history: mother had tuberculosis, died of influenza. No further particularities. 

Neurologic examination: 

The right papilla was pale, not completely circumscribed, the excavation was just 
indicated. In the reversed image a vessel going upward was heavily twisted. The left 
papilla was not circumscribed, here and there the heavily twisted vessels were covered 
with exsudate. 

Patient was lying quietly, no straight position. Scent intact on both sides, pupils 
round, of equal size and middle wide, reacted to light and convergence. The visual, field 
was not limited. The trigeminus was bilaterally intact as far as this was ascertainable 
by examination of the sensation for pain, touch and of the motoric function. The cornea 
reflexes were bilaterally vivid. 

On showing the teeth the right side was not innervated so well as the left side, just 
as in mimical movements. The palatum moved symmetrically, the pharynx reflex was 


Proc. Ned, Akad. v. Wetensch., Amsterdam, Vol, XLIV,, 1941. 26 
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positive, the taste was intact. The tongue protruded in midline, the arm movements were 
strong, perhaps more pronounced on the right. Biceps and triceps reflexes were present. 

Dysdiadochokinesis bilaterally present, more pronounced on the left than on the 
right. However, in children this is a physiologic phenomenon. 

The abdominal reflexes were absent on both sides, the cremaster, the tendon (supra- 
and infrapatellar) reflexes were bilaterally present. There existed a BABINSKI-reflex at 
both sides, The skin was difficult to be lefted. 

When walking the patient showed a strong ataxia with a tendency to fall backward, 
to the right and to the left. When moving from the dorsal position, arms crossed, the 
typical asynergia of BABINSKI developed. The same took place when the patient bent 
backward, In sitting position the patient showed a tendency to fall to the right. 

The X ray of the skull showed an enlargement of the sella turcica; besides, the 
deepened impressiones digitatae direct the attention to an increased chronic intra-cranial 
pressure. Urine: no abnormalities. After a stay of some months in the clinic the con- 
dition seemed to be much improved. ; 

On June 13th, 1921, we find the following note: patient looks well, feels comfortable, 
no vomiting, no head-ache. He has become corpulent and has got a habitus feminus. 

Walking, though still uncertain, had improved. Ophthalmoscopic examination proved 
that the turbicity of the left papil had disappeared (atrophying papilla~-oedema). The 
patellar reflex had become plantar on the left, on the right it still showed the 
BABINSKI-type. The asynergia of BABINSKI. when rising and bending backward had 
diminished but was still present. 

However, the X ray made on June 29th 1921, revealed a progressive course (impres- 
siones more pronounced, sella turcica more dilated). 

The ear-drums were normal, slight adenoid with enlarged tonsils. 

Acoustic examination: no abnormalities on either side, the whispering voice was heard 
at normal distance, the tuning fork test was also completely normal for both sides. 

Vestibular examination: No nystagmus when in rest. When looking to the right or to 
the left the eyes remained fixed in the middle position, just as when patient was asked 
to follow a finger which) was moved horizontally before his eyes. Convergence and 
looking upward intact (here divergent position of the eyes developed with vertical 
nystagmoid movements. The upper eye-lid was moved well upward. Looking downward 
intact, a convergent position developed. 

No spontaneous past pointing in both shoulder-joints. 

The caloric examination of both labyrinths after syringeing the ears with cold water 
proved that no nystagmus developed in the optimal position of the horizontal semi-cir- 
cular canals, Reactive past pointing after syringeing the right ear was typical, syrin- 
geing the left ear elicited a reactive past pointing only on the right side. 

When the patient was placed on the revolving-chair no horizontal after-nystagmus 
was present neither after turning to the right nor after turning to the left. A strong 
reactive past pointing in both shoulder-joints was present. 

Neither a vertical nor a rotatory nystagmus could be elicited after turning to the right 
and to the left. However, the vertical optocinetic nystagmus (examined with the cylinder 


of BARANY) was quite normal in both directions. 


Tonic neck-reflexes on the eyes were noted on various dates, e.g. Febr. 
15th, March 1st and 5th, and could be demonstrated to Professor MAGNUS 
and Professor BARANY who happened to be at Utrecht: 

a. Slow bending of the head to the chest (so that no reflexes of the 

semi-circular canal could be elicited): both eyes went upward and 


remained in this position as long as the head was inclined on the 
chest. 
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b. Very slow bending of the head backward: the eyes turned downward 

and were kept in this position as long as the head remained fixed. 

This phenomenon also developed when the spectacles of BARTELS (20 
dioptria) were placed before the eyes to prevent fixation; the patient being 
asked to look forward quietly. 

To establish if tonic neck or tonic labyrinthine reflexes were present, 
the following test was performed. 

The patient was placed on a stretcher and firmly fixed to it. Care was 
taken that, when moving the stretcher, the position of the head in relation 
to the trunk did not change. 

Not a single alteration of position of the eyes was noted if, by very 
slow movements, the stretcher wag so turned that the patient had the 
following successive positions: head downward, head upward, in dorsal, 
in abdominal and in the interjacent positions. 

One could now conclude that the positions of the eyes, found in the 
various positions obtained by turning the head, were due to tonic neck- 
reflexes and not to tonic labyrinthine reflexes. 


The patient was discharged and, contrary to all expectation, survived. 

It was possible to re-examine this patient in November 1939. He was very slow in 
intellect, but felt completely healthy. He had had a bilateral otitis, Neurological exami- 
nation revealed no abnormalities except a slight right-sided facialis paresis. 

Vestibular function seemed to be the same: now, however, it appeared that in the 
so-called ‘‘subcortical’ form of the optocinetic nystagmus, the horizontal nystagmus to 
the right and to the left was completely absent and the- vertical nystagmus up- and 
downward nearly so. In the “cortical” form however the vertical nystagmus up- and 
downward could be elicited easily, just as in 1921. The horizontal nystagmus to the 
right and to the left was, in this cortical form also absent’). 

The tilting-reactions of RADEMAKER and GARCIN could be elicited both round the 
bitemporal and the longitudinal axis. 

The different forms of nystagmus after rotation (horizontal, vertical and rotatory) 
were still absent. 

Caloric stimulation did not cause a horizontal or rotatory nystagmus. Contrary, to 
our findings in 1921, the reactive past pointing was intact on both sides. It was remar- 
kable that in the different vestibular stimulations, dizziness was completely absent. 

It was now impossible to elicit the tonic neck-reflexes on the eyes. 


Our knowledge of the anatomical base, on which these vertical tonic 
neck-reflexes on the eyes develop, is still limited. In the case of BERNHARDT 
and SIMONS the typical syndrome of an encephalitis lethargica was 
found 2); SCHUSTER, in his case, thought that a circumscribed focus was 


1) This remarkable difference in the examination of the “‘subcortical’’ and “‘cortical” 
form of the optocinetic nystagmus will be discussed in another communication. 

2) The description of the autopsy of the patient of BERNHARDT and SIMONS was as 
follows: 

Die histologische Untersuchung (Demonstration) ergab, dasz die pathologischen Ver- 
anderungen vorwiegend auf das zentrale Hohlengrau, die Haube, die Substantia reti- 
cularis der Briicke beschrankt waren und zur Medulla oblongata hin verschwanden. Es 


aye 
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present because only the tract for the “Spahbewegung’”, i.e. the tract 
between the cortical and subcortical centra, of the congregate movements 
respectively the eye nuclei, was blockaded and the junction of the eye- 
nuclei with the optical sphere, the vestibular nuclei and the sensible tracts 
from the upper spinal cow was still intact. 

Our case was only clinically examined. However, it is likely that our 
patient suffered also from a circumscribed process in that part of the 
central nervous system. 

It was recorded by Voss (l.c.) that these reflexes could also be seen in 
neonati and premature infants. 


C. Rotatory eye-positions caused by tonic neck-reflexes. 


As mentioned above, also in normal individuals, reflectory rotatory 
eye-positions may be present. However, rotatory eye-movements cannot 
be executed voluntarily and so cannot have a disturbing influence when 
rotatory tonic labyrinthine or neck reflexes on the eyes are elicited. 

In literature but a few data are found about these reflexes. This must 
be due to the technical difficulties which are connected with the determin- 
ation of the rotatory eye-positions. VERSTEEGH and DE KLEYN 1) described 
a method to examine the compensatory labyrinthine counter-rolling of the 
eyes in human beings. A membrane on which a cross was marked, was 
constructed on the eye. The eye was photographed with the patient in the 
sitting and in the two lateral positions. The counter-rolling can be 
determined directly in photographing, together with the membrane, a 
coordinationsystem fixed to the eye. 

In order to exclude the development of neck-reflexes on the eyes care 
was taken that the position of the head in relation to the trunk should 
remain the same in the different positions of the patient. 


fand sich starkste perivaskulare Infiltration mit Blutungen in den Hisschen Raum. Die 
Infiltrate setzten sich nicht auf die kleinsten Gefasze fort, sondern ‘hérten meist an den 
Vorkapillaren auf, Kapillaren selbst meist trotzend mit Blut gefiillt. Ferner diffuse 
Gewebsinfiltration, die sich elektiv auf die graue Substanz beschrankte. Die Infiltratzellen 
bestanden vorwiegend aus Lymphozyten und sogenannten Polyblasten, sparlich Plasma- 
zellen und ganz vereinzelt polynuklearen Leukocyten. Auch die Neuronophagie (Neuro- 
cytophagie) fand sich in charakteristischer Weise, wenn auch im ganzen nicht gerade 
haufig: das An- und Eindringen von Rundzellen und Polyblasten in die Ganglienzellen, 
kurz, genau dieselben Bilder, wie sie Economo beschreibt und abbildet. Auch die Ver- 
anderungen an den Nervenzellen, die PIERRE MARIE und TRETIAKOFF bei zwei Fallen 
von Encephalitis lethargica erwahnen, das Herandrangen des Kerns an die Peripherie, 
hyaline Degeneration desselben, schlieszlich Restieren eines einfachen Blaschens mit 
Kérnchen darin, also akuter Zellzerfall kamen zur Beobachtung. Gewdéhnlich traten 
Gefaszinfiltration, diffuse Infiltration und Neuronophagie zusammen auf, aber, worauf 
Economo besonderen Wert legt, es fanden sich auch in der grauen Substanz isoliert 
Kleinste neurophage Herden um eine Ganglienzelle. 


1) KLEYN, A. DE and VERSTEEGH, C., Acta Oto-Laryng., 6, 170 (1923); Jnl. Laryng. 
and Otology, 39, 686 (1924). 
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Our following case shows the necessity of these precautions 1), v. W., 
female, 17 years. 

This patient had become deaf-mute after scarlet fever when 4 years old. 

The ear-drums were absent at both sides. There was complete deafness 
on both ears. It was impossible to stimulate the labyrinths calorically or to 
elicit one of the forms of nystagmus (horizontal, vertical or rotatory) after 
turning to the left and to the right. 

Examination of the compensatory labyrinthine eye-positions (the eyes 
being photographed with the patient in dorsal and in both lateral positions) 
proved that these were absent. However, after inclining the head of the 
patient (in sitting position) to one of the shoulders, a distinct counter- 
rolling of 24° developed, especially when inclining it to the left shoulder. 

In literature only a few examples of these rotatory tonic neck-reflexes 
are recorded. This is due to the fact that the compensatoric eye-positions 
were but seldom clinically registrated and if registrated those methods 
were used, by which the labyrinthine and neck-reflexes are determined 
together. 

It is evident that a more simple method must be found for the clinical 
determination of the rotatory eye-positions 2). It is very probable that 
rotatory tonic neck-reflexes might be found in a large number of individuals. 
For this purpose it would only be necessary to make five photographs: 
eye-position in sitting position, eye-position in both lateral positions (head 
symmetrical in relation to the trunk: labyrinthine reflexes); eye-positions 
in turning the head to the right and to the left shoulder (labyrinthine and 
neck reflexes). 

In neonati and premature children Voss?) described tonic rotatory 
neck-reflexes on the eyes; FISCHER 4) observed these in a patient whose 
labyrinths could not be stimulated. 

In rare cases (observation of one of us, STENVERS 1918 5)) it was 
possible to elicit tonic reflexes on the eyes not by changing the position of 
the head but by changing the position of the pelvis in relation to the trunk. 

Another group of neck-reflexes on the eyes probably comprises those 
reflexes, developing during the turning of the head in relation to the trunk 
or during the turning of the trunk in relation to the head. This is a nystag~- 
mus of only a short duration which can be noted in some cases during the 
movement of the head or trunk, if the position was mutually changed and 
is not followed by a remaining change of position of the eyes. Such cases 


1) KLEYN, A. DE and VERSTEEGH, C., Jnl. Laryng. and Otology, 39, 686 (1924). 

2) The above mentioned methods are also taking up much time. 

3) Voss, O., Folio Oto-Laryng., II, 24, 16 (1925). 

4) FISCHER, M. H., v. Graefe’s Arch., 118, 633 (1927); Acta Oto-Laryng.. 8, 495 
(1925); Regulationsfunktion des menschlichen Labyrinthes (Bergmann, Minchen, p. 92 


(1928) ). 
5) STENVERS, H. W., Arch. néerl, de phys. de l'homme et des animaux 2, 669 (1918). 
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are described by FRENZEL 1) and GUTTICH 2), GUTTICH could demonstrate 
that after an anesthesia of the cervical roots it was more difficult to elicit 
a nystagmus and that then this nystagmus was but a slight one. 

The nystagmus of the eyes obtained when turning the pelvis, are des- 
cribed by GRAHE %). 


Summary. 


Taking literature as a basis and recording own cases, different forms of 
tonic neck-reflexes on the eyes are discussed. Besides the way in which 
these reflexes can be examined is mentioned. 

Under normal circumstances, horizontal and vertical eye-positions, 
caused by tonic neck-reflexes are never seen in healthy individuals except 
in neonati. They are up to now only met with in serious affections of the 
central nervous system (tumours, encephalitis), whereas rotatory eye- 
positions caused by tonic neck-reflexes can also be elicited in healthy 
individuals. 

The necessity of better clinical methods for examining these latter 
reflexes is emphasized. 

Some cases of vertical eye-positions and the only case of horizontal eye- 
positions in adults, caused by tonic neck-reflexes, are extensively recorded. 

Another group of neck-reflexes on the eyes includes the temporary 
nystagmus developing in some patients during the turning of the head in 
relation to the trunk or inverse (FRENZEL, GUTTICH). 

In some cases tonic reflexes and reflexes responding to movements of 
the eyes are obtained by changing the position of the pelvis in relation to 
the trunk. All that has been communicated about the neck-reflexes on the 
eyes also appears to hold good for these reflexes. 


1) FRENZEL, H., Ztschr. £. Hals-, Nasen- und Ohrenh., 21, 177 (1928), Passow- 
Schaefer, 28, 305 (1931). 


2) GUTTICH, Verh. Ges. D. Hals-, Nasen- und Ohrenarzte, 209 (1933). 
3) GRAHE, K., Ztschr. f. Hals-, Nasen- und Ohrenh., 13, 613 (1926). 


Mathematics. — Folgen und Reihen in bewerteten Kérpern. (Erste 
Mitteilung.) II. By F. Loonstra. (Communicated by Prof. L. E. J. 
BROUWER.) 


(Communicated at the meeting of February 22, 1941.) 


§ 5. Konvergenzkriterien. 


Wir haben schon fiir eine Folge von Elementen {x,} aus einem 
bewerteten Kérper K das allgemeine Konvergenzkriterium bewiesen und 
daraus ergab sich das Konvergenzkriterium fiir Reihen. Es gibt noch 
einige weniger allgemeine Eigenschaften und Konvergenzkriterien fiir 
unendliche Reihen in bewerteten K6rpern. 

@ 
1. Multipliziert man alle Glieder eine Reihe 2’un mit einem Element 
n=0 
a von K, so bleibt die neue Reihe konvergent oder divergent zugleich 
mit der ersten Reihe. War die urspriingliche Reihe konvergent und 
{s,}—S, so nahert ist die neue Summe a- S. 


2. Wenn S'u,=S und > vn, =S', so ist > (unto) =S+9"’. 
n=0 : n=0 n=0 . 
3. Eine Reihe ist konvergent, wenn sie absolut konvergiert. Wir 
benutzen dieses Kriterium fiir den Fall, dasz gegeben sei, dasz die Bewer- 


tungen der Glieder einer unendlichen Reihe den entsprechenden Gliedern 
einer konvergenten Reihe mit reellen positiven Gliedern héchstens gleich 


sind, dann konvergiert 5 ‘un|, folglich auch Pin 
n=0 n=0 


4. Wenn fiir alle hinreichend groszen n der Ausdruck {“ | un| kleiner 


als eine positive Zahl k<1 bleibt, so ist die Reihe 2 un konvergent; 
i= 


il 
wenn aber |“/un| fiir alle hinreichend groszen n=1 bleibt, so diver- 


giert SS t,. 
n=0 
Ist namlich 
n 
so ist 
ba, |< ke" 


und die Glieder der Reihe S up sind fiir alle hinreichend groszen n kleiner 
n=0 
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als die entsprechenden positiven Glieder einer geometrischen Reihe. 
Also konvergiert > \un| und folglich 2 un. 
n=0 n=0 


Ist fiir hinreichend groszes n 


Are == 1, dann ist also |un|=1. 


Nun ist fiir die Konvergenz jeder Reihe notwendig, dasz lim u,=0, 
no 


also lim |u,|—=0; wenn also fiir alle hinreichend groszen n 
n—> @ 
\un|=1, 


so wird diese notwendige Bedingung nicht erfiillt, also divergiert by Un. 
n=0 
5. Wenn fiir alle hinreichend groszen n der Ausdruck: 


| uns | 23h! 
| un | 


bleibt, so konvergiert Sun, aber bleibt dieses: Verhaltnis mindestens 1, 
n=0 


fe.) 
so divergiert »' un. 
, n=0 
Bleibt namlich fiir hinreichend groszes n: 
| un+i| <k-un, 
so ist auch 


|utn42|<k? + un, u.s.w, 


also 

Innsi| + lunge] +...< (kth? +...)- [an 
d.h. die Reihe der Bewertungen konvergiert, also ebenfalls die Reihe 
Sun fiir k< 1. Hinsichtlich der Divergenz: 


| unit | =] 
| tn | 


fiir alle hinreichend groszen n bedeutet 
| wns | =| on | 


d.h. lim u, 0, also divergiert Dy We 
n=0 


n—-> @ 


n 
° : re (ta Un+1 eg 
6. Wenn die beiden Ausdriicke (“|uy,| und est einen Grenzwert 
n 
fiir n — oo besitzen, so sind diese Werte einander gleich. 
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Betrachten wir die Potenzreihe: 


Ug + ay H+ ux? +... tanx"+... 


Ist nun: 


’ 


n n 
lim (| an x? |= lim | un | - | «| =k - | x 
no n->o 


so konvergiert die Potenzreihe fiir k|x|<1, also fir Eee und zwar 


absolut und divergiert fiir xl> 


Ist 


as n+ oss 
ee bee fr eda ean ed ey eae 


pre tex [hates | On| 


so konvergiert die Potenzreihe fiir ona a und divergiert fiir |x| > oe 


weil die beiden Bedingungen einander nicht ausschlieszen diirfen, musz 
k—k’ sein. 


7. Wenn fiir alle hinreichend groszen n der Ausdruck 


log or 
= |aal ie I 


logn 
" log | 
bleibt, so ist die Reihe » un konvergent. Aus aR k folgt namlich 
n=0 
log + > k-logn und also |un|<n-*. Die Reihe >’ n-* konvergiert 
n n=0 


fiir k > 1, also s un ebenfalls fiir k >1. Bleibt aber fiir alle hinreichend 
n=0 
groszen n 
1 
log ——— 
oT an | 


1 
~1, so ist offenbar | un |=—. 
log n n 


und also divergiert die Reihe der Bewertungen. Im archimedischen Falle 


lo 2) 
kann man also fiir die Reihe 2 un nicht auf Konvergenz schlieszen. 
n=0 


lo.2) 
Im nicht-archimedischen Fall divergiert 2 un gewisz, denn die absolute 
n=0 


Konvergenz ist fiir nicht-archimedische Bewertungen eine Notwendigkeit. 
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§ 6. Multiplikation von Reihen. 


Nehmen wir an: 
Up tu, tfu,t...tunt... (1) 
und 


Vo to toet...0nt.-- (2) 


seien zwei konvergente Reihen mit Gliedern aus einem bewerteten KG6rper. 
Durch Multiplikation eines Gliedes der ersten Reihe mit einem Gliede 
der zweiten Reihe und durch Zusammenfiigung aller Produkte ujvj;, 
wofiir i+; gleich ist, erhalten wir eine neue Reihe: 


Uy Vo + (uo ¥1 + Hy ¥9) +. + (to On + Oy Vn-1 +--+ Un %) 1 --- (3) 


Es ist zu beweisen, dasz diese Reihe konvergiert und zwar zum Produkt 
der gegebenen Reihen, wenn wir voraussetzen, dasz eine der beiden 
gegebenen Reihen absolut konvergiert. Setzen wir also voraus, dasz (1) 
absolut konvergiert und dasz (2) konvergiert. Es sei wn das allgemeine 


Glied der Reihe (3) 


Wy = Up Vn + y Hh ge Upped fey 5 
Wir beweisen, dasz die Differenz 
Wyo + mw, +... + wn—(Up + ay +... + un) (V9 $0, +... + On) 
und ebenfalls 
Wo tw, tw2+... + wener—(Uo +... + unis) (Up +, +... + Unt) 


den Grenzwert Null hat, wenn n— 00. 


Der Beweis ist fiir beide Falle iibereinstimmend; wir geben ihm fiir die 
erste Differenz, die wir also ordnen: 


A = up (ati +... + 02m) + uy (Unger F... tb ven) +... + op-vag + 
PE tin dd (Og to Vn—1) + Un—2 (vp ts sie “10 22) en ee pri iee Vo- 
Die Reihe (1) konvergiert absolut, also ist die Summe 
luo] tfa|+...+l)un|<A 


fiir alle n, worin A eine reelle positive Zahl ist. Wegen der Konvergenz 
der Reihe (2) ist fiir alle n: 


|\% +o+...+0n|<B, 


worin B eine reelle positive Zahl ist. Es sei nun ¢ >0 eine bestimmte 
reelle Zahl, so ist eine Zahl m festzustellen, so dasz 


jnsa| + |une2| +. + | tnep| <gomp fiir alle p und n=m 
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und 


€ 


| enti + naz +--+ Untp| AaB fir alle p und n=m. 


Hat man hieraus n bestimmt, so ist fiir | /A| eine Schranke anzugeben: 


| A |] ap (ner +... + van) | + | ay (Vata +... v2n—1) | +--+. + | an %9 | 
a— é é 
[Al=lool-qagtlslagegro th 
+| tat |- qt lant | B+ | ane] B+... + aon] B 


[ALS appl laol tial +--+] eel) + 


+ B(|uns1| +|ane2| +... + | onl) 


a7 tA eB 
[AI=ATBTALTB 


also | A | =e. 
Hieraus ergibt sich die Konvergenz der Produktreihe. 


§ 7. Unendliche Reihen in einer Veranderlichen. 


Betrachten wir eine unendliche Reihe 
ap + ay x fag. .an Ss (1) 


worin die a Elemente eines vollstandigen bewerteten Kérpers sind und 
untersuchen wir die Konvergenz der Reihe (1). Setzen wir |a;|—= Ai, 


und sind also die A; reelle Zahlen. Die Reihe 
ee ARK AG At An As: (2) 


fiir welche X nur reeller Grészen fahig ist, konvergiere fir X< R und 
divergiere fir X > R. Betrachten wir nun (1); die Reihe konvergiert 
absolut fiir |x|<R. Es soll noch gezeigt werden, dasz (1) fiir |x|>R 
divergiert; dafiir benutzen wir folgenden Satz: ,,Konvergiert die Reihe 
(1) fiir xx, so konvergiert die Reihe absolut fiir alle |x|<|-ol. 

Es sei namlich M eine reelle positive Zahl, groszer als alle Glieder 


der Reihe 
2 dan Xn |. 


so ist 


| an|+| x0 |"< M. 
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Janz*|=lanll2g (TEL) <™ (far) 


, aber fiir diese x konver- 


Nun ist 


also konvergiert > lan x"| fiir alle |x| <| x 
n=0 


giert die Reihe (1) absolut. 
Es kann also nicht |x)|> R sein, sonst konnte R nicht die obere Grenze 


der |x| sein, fiir welche 
ie2) 
$ | ani |2"| 
t=0 


konvergiert. 

Man erhalt also: Die Reihe (1) ist absolut konvergent fiir alle x mit 
|x|<.R und divergiert fiir |x|>R, wenn R den Konvergenzradius 
der Reihe 


ee) 
Bi | an | Xx 
n=0 


darstellt. 

Stetigkeit einer Potenzreihe. Es sei f(x)=a)t+a,;x+anx"+... (1) 
die Reihe, welche fiir |x|< R konvergiert, und es sei auszerdem R’ eine 
positive Zahl mit R’< R. Wir zeigen nun, dasz die Reihe (1) gleich- 
maszig konvergent ist fiir |x|=R’. 

Fiir |x|=R’ ist |anx”| hdchstens dem entsprechenden Gliede der 
konvergenten Reihe 


Jao|t+la|R’+|a.|R?+... 


gleich, also 


n+p Bene n+p 
: fis oe a, x” | = ea; fay fe |er |S De laste 
|e v= +1 vy=n+1 


Weil R der Konvergenzradius der Reihe 3° | a, || |” ist, kann man also 
7=0 
jeder positiven Zahl « >0 ein ny zuordnen, so dasz fiir alle n > ng und p=l1 
| An+1 | . Rtn + | An+2 | . Rint - See + | Antp | R’ntp oi é, 
Es ist dann fiir alle |x|< R’: 
| Gazi Xk" ots ange cht? 4. oe, re Aantp x"*P | <é 


also konvergiert die Reihe (1) gleichmaszig fiir | x|< R’, und sie stellt, 
wie friiher bewiesen ist, eine stetige Funktion dar fiir eel <a Fee 
Da man R’ willkiirlich nahe an R wahlen kann, erhalt man folgenden 
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Satz: Die Potenzreihe (1) stellt fiir |x|<R eine stetige Funktion dar und 
konvergiert fiir dieses x gleichmAaszig. 
R wird bestimmt mit der Folge: 


n 
Es sei lim “| an|=o. 
no 
1°, Ist w=0, so musz die Reihe fiir jedes x von K konvergieren. 


Es sei ndmlich x; ein beliebiges Element von K, also 


eda se 
2 |x; | 


dann ist der Bedeutung gemdsz von o fiir alle hinreichend groszen n: 


1 


Dn. 2". | x, | 


—— 1 
Past abt , also | ae |< 
Hieraus folgt 


| an x” l<a5 


(1) fiir 


jedes x, von K schlieszt. 
2°, Konvergiert umgekehrt (1) fiir x= .2;, so ist die Folge {lan xi} 


beschrankt, und folglich ebenfalls die Folge {| anx"|}. Ist also 


| an x? |< M, 


so folgt hieraus: 


pame. 


dh. die Menge {| an|} ist beschrankt. 
Ist w— &, so ist die Folge {{|an|} unbeschrankt und die Reihe (1) 
kann fiir kein x von K konvergieren. 


29.4 1st Jim Cae so ist lim : Va || =lim 1 
und es konvergiert die Reihe (1) fiir w |x| <1, also fiir |x| <+ und sie 


| 
divergiert fiir |x| ><. 
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Beispiele: Die Reihe — e+e. . konvergiert fiir alle bewerteten 
ie aan +1 
Korper fiir |x|<1, denn lim VY an| = lim |= ee 
n>o n ve) 
Die Reihen 
Wig Xe 
1+F4+5 4+... 
ot. wigs 
Eee cas (3) 
pe eee 
We laa 


konvergieren im Kérper der reellen Zahlen fiir alle x. Fiir eine p-adische 
Bewertung ist der Konvergenzradius 
1 


R= pie 


Dafiir benutzen wir folgende Tatsache: 
Ist m=ap, a... an die Darstellung einer beliebigen gew6hnlichen ganzen 
Zahl m in der reduzierten Form, so ist das Produkt m! genau durch 
M-Sm 
eee 
teilbar, wenn sm—=a)+a,+...-+ a, die p-adische Ziffersumme von m 
bedeutet. Es ist 


1 < sm < (p—1)? log (m+ 1), also lim === 0. 


m+ @ 


Zum Beweise der obigen Formel zeigen wir, dasz die Ordnungszahl 
eines beliebigen ganzen rationalen n 


See Sst 
ee 
ist; ist naémlich 
n= 0, 000a, ay41... a, (p) 
die Darstellung dieser Zahl n in der reduzierten Form, so ist 
n—1—p—Il, p—1 p—1 p—1... p—1 a—1 a,—layas, . Gp (p) 
und aus den beiden Ziffersummen 
Sn = a + avit +... ar 
Soi = (p—1) + a—1+aii+...+a, 
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erhalt man in der Tat durch Subtraktion die obige Gleichung fiir die 
Ordnungszahl », welche auch fiir n= 1 gilt, da ja die Ziffersumme sp 
von Null gleich Null ist. 

Aus dieser Formel folgt sofort fiir die Ordnungszahl um des Produktes 


die Gleichung: 


Also ist 


1 _—e n ee 1 Sn pails 
R === lime pe = lim (sat < (gare a= plata 
no 


no 


1 
n! 
1 
Die Reihen (3) konvergieren fiir alle x, fiir welche |x|< p >, und 
1 


sie divergieren fiir |x|>p ?-. 
Aus diesem Satz folgt: 
Die Reihe 


1 1 
Pela to) divergiert 


und 


2 3 
1+ = — s a f +...(p) konvergiert. 


Ableitung einer Potenzreihe. Besitzt die Potenzreihe (1) den Konver- 
genzradius R, so ist auch die Reihe der Ableitungen 


apa Xe oe nag x 
konvergent fiir |x|< R und divergent fiir |x| > R und stellt fiir jene x 
die Funktion f’(x) dar. Das erste folgt sofort aus der Tatsache: 
n 


lim /|nan|= lim | an |. 
n> @ 


n> @ 


Es sei die Summe der Reihe der ersten Ableitungen f, (x), so ist diese 
Funktion fiir |x|<R eine stetige Funktion, und die Reihe konvergiert 
gleichmaszig fiir |x|=R’(R’<R). Wegen des zweiten Satzes der gleich- 
maszigen Konvergenz fiir analytische Funktionen (S. 295) stellt dann f; (x) die 
Funktion f’(x) dar und wir erhalten f’(x) durch gliedweise Differen- 
zierung. Ebenso kann man durch Wiederholung die Ableitung f” (x) 
erhalten, ebenfalls eine Potenzreihe, welche fir || <R konvergiert und 
fiir |x| > R divergiert. Die Funktion f (x) gestattet also fiir |x|<R eine 
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unbeschrankte Anzahl Ableitungen, welche man erhalt durch gliedweise 


Differenzierung: 


f° (xc) = 1+ 2+0-nan$2-3-+:n(n t+ Wantixr--- 


Fiir x0 ist also 


n) (0 
n= FO): arf Orer= ay. ft O:.-1e0= 4 ) 


und somit 
Fl) =f0) +f (0) +... FLO +... 


Setzt man voraus, dasz (1) fiir |x|<R konvergiert, und dasz |xol t|A|<R, 
so erhalt man: ; 
F (@ + h) = ag + ay (Xo +A) Fag (x + hP+..-+an(% thy + --- 
= a) + a; % +a. +... anx% te-- 
ta ht2a,xh+...tnanxpth+... 
t+ta,h?+... 
Diese Reihe ist absolut konvergent; es ist ja: 
| ag | + | a, | | xo | + | a2 | re = epee 
+ |ai|[h]+|2a2||xoh|+-..= 
| ao | +l ar|(jxol +1 Al) +] a2l(}xol +l AlP?+.-. 
und wegen |xo|+|h|<R konvergiert also die letzte Reihe und folglich auch 


By An (Xo + A)’. 
7i=0 
Auszerdem leuchtet ein, dasz 


Fx +h) =e) +2 F (me) to. +E Fl) +... (Io +] BI SR). 


§ 8. Majoranten. 


Es sei 
f(x) =a taxtagx?t...tanpx?+... (1) 


eine Potenzreihe mit Koeffizienten aus einem vollstandigen bewerteten 


Korper K und 
p(X) = Gy ee Xa X2 ig XO ee 


eine Potenzreihe, worin a; nicht negative reelle Zahlen sind. 
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Man nennt 9 (X) eine Majorante von f(x), also 


f(x) << 9 (X), 


wenn | a, |—azp fiir alle n. *) 
Ist 


Piia5..3 «+ Sn) 


ein Polynom der a;, in welchem ausschlieszlich die Addition und Mul- 
tiplikation auftritt, so wird, wenn man die Koeffizienten a; aus dem 
Kérper K durch die entsprechenden reellen a; von p(X) ersetzt: 


PP yi Bh Oa8s &n) | = Pa (ap, a, «+ + + Gn)- 


Ist z.B. » (X) eine Majorante von f(x), so ist [p (X)]? eine Majorante 


von [f(x)]?. 
Es sei O<r<R, dann konvergiert (1) absolut fiir |e) er use sel 


M eine obere Schranke der Glieder der Reihe 
>» |an|.r% also | an|.r?=M tase TZ sono} 
n=0 


und folglich 
M 


|an|= = Crea bar ae eA 


Hieraus ergibt sich, dasz die Reihe 


© P44, x A* M 
pee r r ;_* 
c 
eine Majorante ist von f(~). 
Besitzt f(x) kein konstantes Glied, so ist 
M _ MX 
eer eX 
r 


eine Majorante von f(x). 

Man kann fiir r jede positive Zahl <R wahlen und es ist klar, dasz 
das entsprechende M mit r kleiner wird; ist aber a) #0, so kann M 
niemals kleiner als | a)| angesetzt werden. 

Ist ag #0, so ist immer ein solches o zu bestimmen, so dasz 


| 2 | 


ee 
Q 


4) Der Begriff der Majorante riihrt von CAUCHY her. 


Proc. Ned, Akad. v. Wetensch., Amsterdam, Vol. XLIV, 1941. 27 


408 


x 
eine Majorante ist von f(x). Es sei namlich M+ M ‘ +...(M> | ap)) 


eine erste Majorante. 


Ist nun 
Ore Ose fe Leal so ist fir n=1 
n n—1 
Jan|o"=[an |=". (] ce elf | ; 
r r r 
also 


n—-1 
|an|-o" <|a0i() A 


| an|o"<|a)| wegen 0<e<e. 
Aber dann ist die Reihe 


also sicher 


Jag|-+ lao]. beet laal ae bee 


eine Majorante von (1). 


Mathematics, — Die Lésung von Differentialgleichungen in einem bewer- 
teten Korper. By F. LooNstTRA. (Communicated by Prof. L. E. J. 
BROUWER.) 


(Communicated at the meeting of March 29, 1941.) 


§ 1. Die Definition des bestimmten Integrals einer reellen stetigen 
Funktion, y — F(x), der reellen Veranderlichen x zwischen den Grenzen 
x =a und x = 5 ist folgendermaszen: Man teile das Interval a<Sx<b 
irgendwie in n Teile 


ee ae ae Xp en 


Man wahle in jedem Intervall x,_, x, einen beliebigen Punkt &,, so dasz 
x1 <i << xy, und bilde die Summe 


ReneS fap x, | oP (E): 


AS) 
Wenn bei wachsendem n alle Intervalle x,;_; x, unter jede Grésze her- 
absinken, so heiszt 


lim 5, == .S 


i—>o 
das bestimmte Integral und wird mit 


s= f rads 


bezeichnet. Dieser Limes ist stets vorhanden und von der Auswahl der 
Teilpunkte unabhangig. Diese Definition des bestimmten Integrals ist 
jedesmal anzuwenden, wenn es méglich ist, zwei beliebige Elemente durch 
einen ganz im Kérper verlaufenden Weg zu verbinden. 

In topologisch nicht-zusammenhangenden bewerteten Koérpern ist also 
die obengenannte Methode nicht durchzufithren. Soll also in solchen 
bewerteten Kérpern von Integrieren die Rede sein, so musz man es anders 
definieren, etwa als die Umkehrung des Differenzierens. 

Als Integral der Funktion y = f(x) bezeichnen wir also eine Funktion 
F(x), so dasz F’(x) = f(x). Wir werden zundchst einen Existenzbeweis 
solcher Funktionen F(x) geben fiir analytische Funktionen f (x). 

Es mége 


Pee gt Xe) cs G+ or as (1) 
Zhe 
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eine Potenzreihe bedeuten (mit Koeffizienten 72 aus einem vollstandigen 
bewerteten Kérper), welche fiir |x—xo|<1r konvergiert. Es entsteht die 
Frage, ob es eine konvergente Potenzreihe 


y =F (x) = 2 bal x— xn (2) 


gibt, so dasz F’(x) = f(x), und die fiir x = x9 den Wert y = yo annimnt. 

Durch Differenzieren von (2) bestimmen wir die Koeffizienten und aus 
dem Besprochenen des Paragraphen 7 (Ableitung einer Potenzreihe) folgt, 
dasz die Reihe 


o | 
F (x)= yo + = on, an—1 (x — Xo)" 
die Frage befriedigt. 


§ 2. Betrachten wir nun die Differentialgleichung 


y’ = & an,» (x—%9)" (Y— Yo)” (1) 
By” 
und setzen wir voraus, dasz die a,,, Elemente aus einem vollstandigen 
bewerteten Kérper sind, und dasz die Reihe (1) konvergiert fiir 
|x—x9|<re, |y—yol< ry. 


Auszerdem seien ry und ry zwei positiven Zahlen, so dasz rx << rx, fy <Ty. 
Es handelt sich um die Frage, ob es eine Lésung y = F(x) der Differential- 
gleichung (1) gibt, die fiir x = x» den Wert y = yo annimmt. Wir setzen 


c c 

y=Yot Fy (em) + ay (Hm +--- (2) 
in die Differentialgleichung ein und versuchen zunachst, ob sich die 
Koeffizienten dieser Reihe so bestimmen lassen, dasz sie die Differential- 


gleichung formal befriedigt. Der Einfachheit wegen setzen wir 


X— X= Y—-Yo= 


dann wird 
dy _ dy 
dx “= dé 
und die Differentialgleichung verwandelt sich in 
U) = 2 ano 7” (fir [2] <i rx; |y|< 2) (3) 
Wir haben also die Koeffizienten der Reihe 
pera tel C2 
Nerehl gO MTS Soom (4) 


so zu bestimmen, dasz diese Reihe die Differentialgleichung (3) formal 


411 


befriedigt. Durch Differenzieren von (4) und Koeffizientenvergleichen 
erhalt man 


C; — 200 
Co — Y2 (ai, 1, Cy) 


C3 = 3 (ai, 1, Cy, C2) i+l=k—-1 


44 € es 


Ck = Yk (ai,1, Cy, Ca, 220 Ck—1) 


eo. hi Sa ee 


_ Die Koeffizienten c, werden eindeutig aus den a; ; (mit i + 1<k—1) und 
den cy,...,Cx_; bestimmt und zwar allein durch die Operationen der 


Addition und Multiplikation, z.B. 


Cp = 1,0 + 40,1 Cy, C3 = 0,1 Cp + 2a2,0 + 2a; Cy + 2a0,2 Ch. 


Die mit diesen cy eindeutig bestimmte Reihe 
=e al k ; 
eRe T RAD ©) 


befriedigt also formal die Differentialgleichung (3); es entsteht nun die 
Frage ihrer Konvergenz. Dafiir bendtigen wir der Majorantenmethode 
von CAUCHY. Wir denken uns anstelle der Reihe (3) eine andere Reihe 


SA ns SEU. (6) 


BY 
deren Koeffizienten A,,, positive, reelle Grészen und von der Beschaffen- 
heit, dasz 


| ay,» | = Ay,» 


(= und H_ sind nur reeller Werte fahig). Es ist also die Reihe (6) eine 
-Majorante der Reihe (3). Wir betrachten nun die Differentialgleichung 


HW YA, +84 Br (7) 
setzen darin fiir H die Reihe 


(Ef eel er 
SKA ELAR H... (8) 


H 
und bestimmen die C;, so, dasz diese Reihe der Differentialgleichung (7) 
formal befriedigt; dann setzen sich die Cy aus den A,,» offenbar in der 
selben Weise zusammen, wie die cj aus den a,,,, und da die A,,, reell und 
positiv sind, werden die Cx ebenfalls reell und positiv ausfallen und 


auszerdem 


| cx | = Cx Gass 1.2) 5;3-..) 
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Es ist also 
ee) Ck ie) 
An? SY, 


Wenn nun bekannt ist, dasz die Reihe (8) fiir 2<a konvergiert, so folgt 
hieraus, dasz auch die Reihe (5) fiir |¢| <a konvergiert und zwar absolut. 


Ist nun M eine obere Schranke aller Glieder der Reihe 


so ist die Funktion 


HONEY LE NE M Se koet: =. 
zM(=) & Tate Coes (Z< rx; H < Fy) 
ue Fy er i be-s H 
Tie: Ty 
eine Majorante der Reihe (3). Wir haben nun die Differentialgleichung zu 


betrachten: 
(mit den Anfangsbedingungen = 0, H= 0) 


die wir in der Form 


(=) Fare) patel 
ry & 


schreiben. In dieser Form sind die Veranderlichen getrennt, also 


H? m F 
— Mrx log ¢ = = + const. 


H-—-——_ = 


2 ty 
& = 0 verschwindet, ergibt sich in der Form 


Das Integral, das fiir 
Mi tege 2Mr & 
H=i, 7 Pit Fe oa (1— 3] 


und dieses Integral ist durch eine Reihe von der Form 


H= fa Ra ae 


darstellbar. Die Konvergenzbedingungen sind 


2Mr 2Mrx ts = 
log —— 


ale 


|| 2 | <<rx und 
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Die letzte Ungleichheit ist aquivalent mit 


cy, 


hehe tlie snr). 
Wegen px <rx und ry < ry konvergiert also die Reihe (5) sicher fiir 


WEES 
|E|<e, worin ern Se Mrs) , 


und zwar absolut. Damit ist der Existenz, zugleich die eindeutige Bestimmt- 
heit einer Potenzreihe, welche die Frage befriedigt, bewiesen. 

Es ist bemerkenswert, dasz dieses Problem nur eine Lésung besitzt, die 
in eine Potenzreihe entwickelt werden kann. Im Falle einer archimedischen 
Bewertung des Kérpers ist diese Lésung sogar die einzige Lésung. Ist 
dagegen der Kérper nicht-archimedisch bewertet, so existieren auch andere 
Lésungen als jene Potenzreihe. Es gibt namlich in nicht-archimedisch 
bewerteten Kérpern nicht-konstante Funktionen, deren Ableitung ver- 
schwindet. 


§ 3. Etwas allgemeiner kann man nun auch das simultane System von 
Differentialgleichungen 


y1 fh (x, Yi, Yr ++. » Yn) 


tes (x, Y1, Yor --- Yn) 


betrachten mit den Anfangsbedingungen x = Xo, ¥1 = Pi, Y2 = Pa +» 
Yn pn Es wird vorausgesetzt, dasz die f; analytische Funktionen ihrer 
Veranderlichen sind und also entwickelbar sind in eine Reihe nach auf- 
steigenden Potenzen von 


xX — Xp. Y1 — Pir Y2— Pav >>> + Yn — Po 


Es mégen diese Reihen konvergieren fiir 


yy — Pil <tyr--s> Yn — Pn| > Fyp 


X= Xy | <x» 


Es sei auszerdem 
Ppa Te Tyee at Hy 
also 
e<min (Fy,1--- + Fyg)- 
Der Einfachheit wegen setzen wir 


x — X= 641 — Pr SH Me + Yn Pa "I 
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und die Reihen der f; verwandeln sich in 
i= Sia. Pe i oe ae lee a) 
Miers 


worin 2j,n... Elemente aus einem vollstandigen bewerteten Korper sind. 
Die Lésungen der Differentialgleichungen 


ni Zain... My ge (GH 1,2... +n) 
Hy oee 


(mit den Anfangsbedingungen 7); = 0, ... fiir € = 0) schreiben wir in der 
Form einer Reihe 


deren Koeffizienten c;, auf eindeutige Weise durch Koeffizientenver- 
gleichen bestimmt werden. Die Konvergenz wird mit Hilfe der Majoranten- 
methode bewiesen. Fiir jedes F; ist die Funktion 


M 


2) 2) (0-3) 


eine Majorante (worin M eine obere Schranke ist fiir alle Glieder der 
Reihe 


Sha Ma 4) Pe Poko < Vee Ole ee 
Hos 


Wir haben nun das System der Differentialgleichungen zu betrachten: 


mit der Anfangsbedingung 
2 0 ON S20. 


Diese Lésungen, welche alle dieselbe erste Ableitung besitzen und fiir 
= = 0 verschwinden, sind identisch, also brauchen wir nur die Differential- 


gleichung 
oy H\a (mit 2 == OPN 0) 
= 
x c 


415 


zu lésen. Trennen wir die Veranderlichen, so erhalten wir 


par? 1+etiMe (Jost — =) 


x 


und es ist H = 0 fiir = = 0. Also ergibt sich den Konvergenzradius 


r 


ome ge ( — Es oresree D 


Fir |x—x9|<o besitzt also das System von Differentialgleichungen (1) 
eindeutig bestimmte Lésungen. 


§ 4. Wenn 
dy; : 
—— = F(X. is Yor + Yr Gy ++ + Am) fe 12.2 aut), 
dx 


ein simultanes System von Differentialgleichungen (mit Anfangsbe- 
dingungen), analytisch abhangig ist von seinen Parametern, so hangen auch 
die Lésungen analytisch von diesen Parametern und den Anfangswerten ab. 
Wir vereinfachen den Beweis in dem Sinne, dasz wir zeigen, dasz die 
Differentialgleichung 


Sema f (x, Y,2)5-. | (1) 


worin f(x, y,a) eine analytische Funktion der x, y und a darstellt, eine 
Lésung 


y = F (x, a) 


besitzt, so dasz zunachst F(x, a) ebenfalls eine analytische Funktion von 
x und a ist, die fiir x = x) den Wert y = yo annimnt. 

Aus dem Beweis geht sofort hervor, dasz man ihm leicht auf dem allge- 
meinen Fall iibertragen kann. Setzen wir zuerst 


Fh FEF x1 + Yo V=O EM 4 (2) 


worin nach Voraussetzung f, also p eine analytische Funktion der Ver- 
anderlichen &, 7 und a darstellt und entwickelbar ist in eine Reihe, welche 


fiir 


a|<R; 


JEI< Ri. 


n|< Ro 


konvergiert. Wir bezeichnen diese Reihe mit ,,Reihe (2). Wir fragen nun, 
wie die Loésung 


na=cqétoe+... (3) 
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sich als Funktion von a verhalt. Wir denken uns die Koeffizienten c; 
berechnet mit Hilfe der Differentialgleichung. Aus dem obigen ergibt sich, 
dasz die c; sich als analytische Funktionen der Koeffizienten von y (E,7, a) 
ergeben. Daraus schlieszt man aber doch nicht, dasz auch (3) sich in eine 
analytische Funktion von x und a umordnen laszt. Es laszt sich dies aber 
durch eine Erweiterung der Majorantenmethode feststellen. Es sei 


R, << R,, Ro< R2, R3;< R3. 
,Reihe (2)” konvergiert fiir 


Ve ier, a|=R3, 


n|=R2, 


und es sei M eine obere Schranke der Bewertungen der Glieder jener Reihe 
fiir |£| = Ri, |y| = R; und |a| = R3. Wir nehmen dann als Majorante 
die Funktion 


M 


-DEDED 


(X, Y und A sind nur reeller Werte fahig) mit der zugehdrigen Differen- 
tialgleichung 


Gi Xe Al (4) 


ve 1 M 
idk ae mean 4 A! = 
Care) 


die sich also von der in § 2 betrachteten Differentialgleichung nur dadurch 
unterscheidet, dasz 


M 


A 
1—+ 
R3 


an die Stelle von M getreten ist. Ist nun R} <R; < Rs, und setzen wir 


Ss konvergiert die zugehdrige Reihe Y, die die fiir X — 0 verschwindende 
Lésung der Hilfsdifferentialgleichung (5) darstellt, fiir 


R', 


| XI <0’ =Ri(1—e ®), WA < RY. 


Diese Reihe hat, wenn man sie nach Potenzen von X und A ordnet, lauter 
positive Koeffizienten, und diese sind niemals kleiner als die Bewertungen 


der entsprechenden Koeffizienten der Reihe, die aus (3) durch Umordnung 


Si7 


nach Potenzen von x und y hervorgeht. Daraus folgt also die absolute 
Konvergenz der so umgeordneten Reihe fiir 


|x|<o@’, |al<Rs (6) 


dh. die fiir €=0O verschwindende Lésung fiir 7 unserer Differential- 
gleichung (2) ist unter den Bedingungen (6) eine analytische Funktion 
von € und a. 

Aus dem obigen geht nun hervor, dasz die Differentialgleichung 


d 
St ee) (7) 


worin f(x, y) eine analytische Funktion der Veranderlichen x und y mit 
Koeffizienten aus einem vollstandigen bewerteten Kérper darstellt, eine 
Lésung 


y = F(x, Xo, yo) 
besitzt, die eine analytische Funktion der drei Veranderlichen x, xo und yo 


darstellt und die fiir x = x9 — 0 die Wert yo = O annimnt. 
Setzt man x — +x 9, y = + yo, so geniigt 7 der Differentialgleichung 


d 
Ge EE + 409+ 40) 


und die Lésung 4, die fiir € = 0 verschwindet, 


n =F (E + Xp, Xo» Yo) 


ist nach dem oben bewiesenen Satze eine analytische Funktion der Ver- 
anderlichen &, x9 und yo (in der Umgebung von £ = 0, %) = 9, Yo = 0). 
Also ist 7 nach positiven ganzen Potenzen von x— x9, Xo und yy entwickel- 
bar-und es ist y = F(x, xo, yo) in der Umgebung” von x = x) = 0 und 
yo — 0 analytisch. Hieraus ergibt sich also, dasz die Lésung 


LS me F (x, Xp, Yo) 


eine analytische Funktion der drei Veranderlichen x, xo und Yo ist. 


§ 5. Betrachten wir zum Schlusz kurz die partiellen Differential- 
gleichungen. Mit Hilfe der Majorantenmethode sind wir imstande, die 
Existenz der Lésungen eines Systems von partiellen Differentialgleichungen 
zu bestimmen. Wir betrachten zunachst eine Gleichung der Form 


0 
Liles, po aa (1) 


Ox; 0x2 
worin f die Ableitung 2 nicht enthalt und eine analytische Funktion von 
1 


Xy, Xan - +++ Xn 21 P2++ ++ Pn 
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darstellt, und versuchen eine ebenfalls analytische Funktion der Verander- 
lichen x1, Xo, ..., X, zu bestimmen, welche in eine Reihe nach aufsteigenden 
Potenzen von x1, ..., X, zu entwickeln ist und fiir x; = 0 den analytischen 
Ausdruck (xp, ...,X,) darstellt und die Differentialgleichung formal 
befriedigt. 

Es ist klar, dasz, wenn wir fiir z eine Reihe 


Gime Ohi ce NT ANE (2) 
Mi 


ansetzen, sich durch Differenzieren und Koeffizientenvergleichen her- 
ausstellt, dasz die Koeffizienten a,,.._,, nur mittels die Operationen der 
Addition und Multiplikation zusammengesetzt sind aus denen von f. Es 
handelt sich noch um die Frage ihrer Konvergenz. 

Dazu benutzen wir auch hier die Majorantenmethode: wenn wir fiir f 
eine Majorante F und fiir m eine Majorante ® wahlen (mit reellen Koeffi- 
zienten u.s.w.) und aufs neue eine Reihe bestimmen, die der Differential- 
gleichung 


aan A oZ 
Sal Xs Seach ee lee 


(mit Anfangsbedingungen) geniigt, so folgt aus der Konvergenz der 
Majorante die Konvergenz der Reihe (2). 

Wir setzen voraus, dasz f kein konstantes Glied enthalt (sonst nehmen 
wir eine Transformation x, — ax, + b vor). 

Ersetzen wir nun f durch eine Majorante, so bleibt nur zu beweisen, 
dasz die Gleichung 


0Z M 
ey —M 
Oi OZ Eee OZ 3 
(rete Imuta pe ee 2) 
c 0 
worin M, r und @ bestimmte positive Grészen sind, in eine Reihe zu ent- 


wickeln ist; ersetzen wir auszerdem X, durch xX worin 0<_a<l, so 
a 


werden die Koeffizienten nur vergrészert. 
Wir versuchen fiir (2) eine Lésung der einzigen Veranderlichen 


zu bestimmen. 


Le pel dZ n=) (a2 M 
— M) —_i as 
@ o Xo tot vs Res sg oe (4) 


c 


Sei a so bestimmt, dasz der Koeffizient von ve positiv ist. Fir X¥ = Z—0 


dX 


hat diese Gleichung zwei verschiedene Wurzeln, wovon die eine Null ist 


eee) 


Diese Gleichung besitzt also ein Integral, welches in einer Reihe darzu- 
stellen ist, und ebenso wie die erste Ableitung fiir X = 0 verschwindet. 
Man iiberzeugt sich einfach davon, dasz die Koeffizienten dieser Reihe 
positive Zahlen sind: es ist ja die Gleichung (4) in die Form zu schreiben: 
2 
BoA (98) tok 2 

und es ist A positiv und g(X,Z) eine Reihe, von der alle Koeffizienten 
positiv sind. 

Damit ist eine Reihe fiir Z bestimmt, welche fiir bestimmtes X konver- 
giert, aber damit ist zugleich die Existenz der Lésung von (1) bewiesen 
worden. Diese Beweisfiihrung bleibt dieselbe fiir ein simultanes System 
von Gleichungen der ersten Ordnung 


021 
Ox; 


—=§ je we S28 = fp (mit Anfangsbedingungen). 
1 


Mathematics. — Elemente der intuitionistischen Funktionentheorie. 
(Dritte Mitteilung)'). Der Satz vom Integral der logarithmischen 
Ableitung. II. By M. J. BELINFANTE. (Communicated by Prof. 
L. E. J. BROUWER.) 


(Communicated at the meeting of March 29, 1941.) 


§ 1. Hauptsatz. Es sei f(z) regular fiir |z|< R, Gein in |z|<R 
liegendes einfach zusammenhangendes Gebiet auf dessen Rande f(z) #0 


ist und 
peek WAC ae. 
erie fay apne 


Alsdann kann man in G m Punkte w,, w2,...Wm so bestimmen, dass: 


aay (a7;) = Oise, 


b. lim blige existiert und 
Z—> W; if (z—w) 
k=1 
c. die Funktion ele lees in G regular und #0 ist. ?) 
IT (z—wx) 
k=1 


Bemerkung. Die Behauptungen (a), (6) und (c) kann man zusammen- 
fassen in der Behauptung, dass f(z) in G m und nur m Nullstellen hat. 
Hiermit ist natiirlich keineswegs gesagt, dass w, W2,...Wm von einander 
verschieden sind, noch dass eine Entscheidung iiber die Frage ob oder 
welche Punkte w; zusammenfallen mdglich ist. Wir werden im folgenden 
m 

die Funktion P(z)—= IT (z—wx) das Nullstellenpolynom von f{z) in<G 
ki 

nennen. 

Weiter bemerken wir, dass der vorliegende Satz eine intuitionistische 
Uebertragung des klassischen Satzes iiber das logarithmische Residuum 


ist. Jener Satz lautet bekanntlich, dass das Integral : — uf f(z) dz 
| Qn Vonks f(z) 


fiir eine in |z|<R bis auf endlich viele Pole regulare Funktion f(z) 
der um die Anzahl der Pole verminderte Anzahl der Nullstellen von 
f(z) innerhalb G gleich ist. Fiir den Fall, dass man genau iiber die 


1) Vgl. Proc. Ned. Akad. v. Wetensch., Amsterdam, Bd. 44, S. 173 und 276 (1941). 


?) Es sind (a) und (6) natiirlich unmittelbare Folgerungen von (c). 
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Lage und die Ordnung dieser Pole und Nullstellen orientiert ist, bleibt 
der klassische Beweis giiltig. Handelt es sich aber darum, die Existenz 
von Nullstellen darzutun, so ist ein neuer, intuitionistischer Beweis erforder- 
lich. In dem Hauptsatz ist vorausgesetzt, das f(z) keine Pole in |z|<R hat. 
Der Fall, dass von f(z) die Pole z,,z2,...,2Z, bzw. von der Ordnung 
@,,@,..., 4m bekannt sind, lasst sich sofort auf den Hauptsatz zuriickfiihren, 


indem man diesen Satz auf F(z)= f(z) Ul (z—z;)"! anwendet. Ist man 
1 


aber nicht iiber die Lage und die Ordnung der Pole orientiert, so lasst 

sich im allgemeinen weder die Anzahl der Nullstellen, noch die Anzahl 
2 

der Pole bestimmen. Man erkennt dies an dem Beispiel f OV ang 


falls |a| <1, jedoch weder a=0 noch a+0 festgestellt ist. Es ist dann 


: =< ae f ote aber es lasst sich weder die Anzahl der Null- 
jz{=1 


stellen, noch die der Pole bestimmen. 


Beweis des Hauptsatzes. Sei , &,... eine monotone Nullfolge posi- 
tiver Zahlen. Wir zerlegen G nach dem Zerlegungssatz (§ 3 der zweiten 
Mitteilung) in solche Teilgebiete gi,, dass f(z) auf dem Rande eines 
Teilgebietes #0 ist und die Entfernung zweier Punkte eines Teilgebietes 


<¢, ist. Setzen wir 
re: 1 de (z) dz 
Tired a ae Elz) 


fi, 


so ist offenbar Y I;, =m. Diejenigen Teilgebiete gi,, fiir die Ii, > 0 ist, 
(i) 


zerlegen wir von neuem in solche Teilgebiete gi, i,, dass f(z) auf dem 
Rande eines Teilgebietes #0 ist und die Entfernung zweier Punkte 
eines Teilgebietes < « ist. Setzen wir 


ane 1 EAZ) dz 
huss Fe 


Si, is 


so ist offenbar Y Ji, ;,—= m. Diejenigen Teilgebiete gi, i,, fiir die Ii, i, > 0 
hte 


ist, zerlegen wir von neuem usw. Auf der n-ten Stufe dieses Prozesses 


1970 25°! Bie) az Rey eet 
Oe oy (1) 


I ae 


setzen wir 


Esistdann > J;,i,...i. =m. Wir zerlegen diejenigen Teilgebiete gi,...i,> 
ee 


fiir die Ij,...i, > 0 ist, in solche Teilgebiete gi,...in iny dass f(z) auf dem 
Rande eines Teilgebietes (0 und die Entfernung zweier Punkte eines 


ale 


Teilgebietes gi, ...in ing kleiner als én+1 ist, usw. Weiter wahlen wir auf 
jeder Stufe m Punkte und zwar auf der n-ten Stufe im Innern eines 
Gebietes gi,...i,. fiir welches Ji,...i, >0 ist, gerade Ji,...i, beliebige Punkte 
Bie itine Wir bilden nun aus diesen Punkten m konvergente Punktfolgen. 


Als ersten Punkt einer Folge wahlen wir einen Punkt z;,. Als zweiten 
Punkt wahlen wir einen Punkt z;,;, mit demselben i, als der ihm vor- 
angehende Punkt. Im allgemeinen wahlen wir als n-ten Punkt einen 
Punkt z;,i,...i, mit denselben i; t)..-tn-1 als der ihm vorangehende Punkt. 


Da offenbar 


Nees: Sit an ieeecee 


ist, konvergiert jede dieser m Punktfolgen zu einem Limespunkt. Die so 
bestimmten m Limespunkte w,, w2,...,Wm sind nun die gesuchten Punkte. 


m 
Zum Beweise setzen wir P(z)= II (z—wi). Es ist dann 


1 P’ (z) dz 
SSS = Ii, Pre ee he ee i z 
aaVaiS Pe n 2) 
a oa 


i,...i, 


da ja Ji,...:, Punkte w; innerhalb gi,...i, liegen. Setzen wir weiter 


_ Fe 


7 2)=DpG)' so ist @ (2) regular in jedem Teilgebiet von G, das keinen 


n 


Punkt w; enthalt. In einem von jedem Punkte w; entfernten Punkte z 
ist f(z) £0, wie man leicht mit Hilfe von Satz VI der zweiten Mitteilung 
folgert. Wir haben wegen (1) und (2): 


[ems 


if ea «niiy outs agate eS 


W 


also auch 


wenn der in G liegende, geschlossene Weg W von jedem Punkt w; 
eine Entfernung #0 hat. Nach § 3 Satz III B kénnen wir fiir jeden 
Punkt w; zwei positive Zahlen r,;=r,(w;) und r:>=r,(w;) so bestimmen, 
dass f(z) in dem Kreisring ry; <|z—w;|<r, (Kj) von Null verschieden 
ist. Sei m; die Anzahl der Limespunkte w;, welche in dem Kreis 
|z—wi|<r, (Ci) liegen. In K; gilt nach LAURENT: 


fo) 


ot ka 2 an (z—w;)? + Bb (z—w;)-". 


Wir werden nun zeigen, dass man den Kreisring K; so wahlen kann, 
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dass die Koeffizienten b, alle Null sind *). Hiermit ist unsere Behauptung 

dargetan, denn wegen » (z) = 2 an (z—w;)" existiert dann lim q(z) und 
zw; 

ist p(z) in |z—w;| <r, (wi), also iiberall in G regular. Auch ist dann 

nach Satz VI der zweiten Mitteilung ¢ (z) #0. 

Der nun noch fehlende Beweis, dass die Koeffizienten b, fiir einen 
passend gewdahlten Kreisring verschwinden, fiihren wir in zwei Etappen. 
Wir zeigen nacheinander: 

(A). Ist bm;+ pF O(p > 0), so lasst sich in C; ein von w; entfernter 
Limespunkt w; bestimmen. 

(B). Ist bm;+p—=0 fiir jedes p >0 und ist by #0 fiir ein gewisses 
k = mi, so lasst sich in C; ein von w; entfernter Limespunkt w; bestimmen. 

Sobald aber in C; ein von w; entfernter Limespunkt w; bestimmt ist, 
kénnen wir einen neuen Kreisring um w; wahlen, dessen innerer Kreis 
den Punkt w; nicht enthalt. Aus (A) folgt also nach héchstens m;,-facher 
Wiederholung, dass fiir einen passend gewdhlten Kreisring um w; 
alle bm;+p mit p>O Null sind. Darauf folgt aber aus (B) in derselben 
Weise, dass alle Koeffizienten by, Null sind. 


Beweis von (A). Sei |bm,+«| >a (4), |f(z)| in G kleiner als y, 
M=2"7,"' ™ und f eine positive Zahl kleiner als jede der Zahlen $, 
a 
tr, und 2M Fiir die in C; liegenden Limespunkte w, gilt nun: 


entweder |w; — w;| >+4 fiir wenigstens ein bestimmtes ji, oder 
|w;—w,|<f fir alle j Fi. 

Im ersten Fall gibt es in der Tat in C; einen von w; entfernten 
Limespunkt w;; im zweiten Fall aber ware ~(z) auch noch regular fiir 


B=|z—wi|=r, und hatten wir fiir |z—wi|=2 f: 
emwim| 2A ag 
P (2) el oy . 
Beat! 2 
mithin: 
mex) |——at—e (OS ews de | < pM (2p) <a, 
et (2x YY (z) 
; |z-w;|=22 


entgegen der Annahme (4). 
Beweis von (B). Da by, #0 ist, lasst sich offenbar ein positives 


6 <r, so bestimmen, dass 


., k-1 
[by |d-#>4 Slaps +4 | blde. . - . - 6) 
0 


3) Hinterher erkennen wir, dass die Koeffizienten 6, fiir jede Wahl von K, 


_verschwinden. 


Proc. Ned. Akad. v. Wetensch., Amsterdam, Vol. XLIV, 1941. 28 
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ist. Man hat nun entweder: 
mj 
Bp) 0-? tbe ee 
k+1 


und dann gibt es ein b) 40 (k< ie m;), mit dem wir die Untersuchung 
von neuem anfangen, oder: 


mj 
y foyer Eby foe es 
k+1 


Weiter haben wir fiir die in C; liegenden Limespunkte w; entweder 
|v; —w,| > 406 fiir wenigstens ein bestimmtes j # i, oder |w; — wj| <0 
fiir jedes j Fi. 

Im ersten Fall gibt es in der Tat in C; einen von uw; entfernten 
Limespunkt w;; im zweiten Fall aber ware p(z) auch noch regular in 
dem Kreisring 6=|z—w;|=r,. Fiir jedes z mit |z—w;|—6 ware 
nun wegen (5) und (6): 


| 2 (2)== 0; (z—w))* | ma $ | bx (z—wi)* : 3 


Folglich ware 


ee i py (jdz_ 
Self fs 


entgegen der Ungleichung (3). 


§ 2. Zu den Sd&tzen der zweiten Mitteilung und zu dem Hauptsatz 
gibt es Nebensadtze, wobei der Kreis |z|=R bzw. |z—z)|—=R durch 
den Ring Rj =|z|=R, bzw. |R,|=|z—-z|=R, ersetzt wird und 
entsprechende Abadnderungen in den Behauptungen vorzunehmen sind. 
Diese Nebensdtze kénnen in derselben Weise wie die verwandten Satze 
oder durch Anwendung dieser Satze gefolgert werden. 

Wir beschranken uns auf die Erwahnung einiger dieser Nebensitze. 


Nebensatz zu Satz If] der zweiten Mitteilung. Es sei f (z) 
eindeutig-regular und variabel in dem Ring R, =|z|=R), und es seien 


R,— 


die positiven Zahlen d << — 5) ~ und ¢ beliebig vorgelegt. Alsdann 


lasst sich eine positive Zahl k < « mit folgender Eigenschaft bestimmen: 
(A). Zu jedem z) in dem Ring R, + d= |z| =R, —d [asst sich ein 
Zz; in dem Ring R,+4dS\z|\=R,— sd so bestimmen, dass 
|F(21)| > |F(zo)| +k ise. 
(B). Jedem z, in dem Ring R, +d=|z)|=R,—d kann man zwei 
zwischen k und ¢ liegende positive Zahlen r,; und rz so zuordnen, dass 
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f(z) in dem Ring r; =|z—2)|=r2 dem absoluten Betrage nach grosser 
als k ist. 


Nebensatz zu Satz VI der zweiten Mitteilung. Es sei f(z) 
eindeutig-regulér in dem Ring R,=|z|=R). Es seien dort zwei Poly- 
gone L und | (linnerhalb L) vorgelegt, auf deren Randern | f (z)| > k >0(1) 


ist und es sei 
of tee ff Wide 
i F (2) J homer 


Alsdann gilt (1) in dem ganzen von L und I gebildeten Polygonring. 


Nebensatz zu Satz VII der zweiten Mitteilung. Es sei f(z) 
eindeutig-regular fiir R,;=|z\|=R, und es sei |f(z)|=M (1) sowohl 
fiir |\z\=R, als fair |z|—= R>. Alsdann gilt (1) auch fiir R, <<|z|< Ro. 

Nebensatz zum Hauptsatz. Es sei f(z) eindeutig-reguldr in dem 


Ring R; =|z|=R>. Es seien dort zwei Polygone L und I (linnerhalb L) 
vorgelegt, auf deren Randern f(z) 0 ist und es sei: 


1 fi(dz (id 
Seed f(z) met (ii. a 


Alsdann hat f(z) m Nullstellen in dem von L und | gebildeten 
Polygonting. 
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Mathematics. — Diophantische Approximationen homogener Linear- 
formen in imagindren quadratischen Zahlkorpern. Von J. F. 
KOKSMA und B. MEULENBELD. (Communicated by Prof. J. G. 
VAN DER CORPUT.) 


(Communicated at the meeting of March 29, 1941.) 


§ 1. Hinleitung. 


Sind 6;,43,...,9n irgend n (n=1) reelle Zahlen, so kann man, wie 
wir in einer vorigen Arbeit mit Hilfe der BLICHFELDTschen zahlen-~ 
geometrischen Methode gezeigt haben, unendlich viele verschiedene Systeme 
ganzer rationaler Zahlen x,, x2,...,%n y mit 


X= max. (tay) lon. Se eet 


finden, fiir die die Linearform 
L=6;, x, + 62x. +... Onxn—y 
der Ungleichung 


1 
On X” 


Bat Ly" Ont ptt! © | [_ 4 
cl es iP cs: 
w=nt 


geniigt'). In der vorliegenden Arbeit wollen wir diesen Satz ins Kom- 
plexe iibertragen. 


Sei m eine quadratfreie natiirliche Zahl und 


hss 


mit 


yo ihe) fiir ag 


SAA ae m = 3 (mod 4) (1) 


gesetzt. Dann bildet bekanntlich (1,2 Fim) eine Basis des Kérpers 


e) Vitae KOKSMA und B. MEULENBELD, Ueber die Approximation einer homogenen 
Linearform an die Null. Proc. Ned. Akad. v. Wetensch., Amsterdam, 44, S. 62—74 (1941) 
Die obendefinierte Zahl 2, ist gleich dem 7, der Formel 


(9) jener Arbeit: man fiihre 


: UV 
daselbst w —-—___ als neue _Intearati i i i 
fie grationsvariable ein, entwickle den Integrand in einer 


s , : : 
Potenzreihe nach w und integriere gliedweise, 
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K(il’m), so dass das System der ganzen Zahlen aus K (i{“m) mit dem 
System der Zahlen 
+il’m 
X=x+ eA y (x,y ganz rational) 
identisch ist. 
Wir beweisen nun in § 2 den folgenden 


Satz 1. Fiir ganze rationale n=1,m=1 (m quadratfrei) werde i 
durch (1) und @n,m durch 


n+l 
) 


| ane 1 

| ee sal 3 

L— 1" Fat fn / (n—1)?"+2 22743 n2MH1(2n+1) & 1 (n—l ue 
GIrY (etiarat yl 1+ a @ py Dien g 


u=2n+3 


definiert. Ferner seien 6, 62,..., 6, beliebige komplexe Zahlen und t 
eine reelle Zahl>2. Dann kann man immer ganze Zahlen P,, P,... Pn, Q 


aus K(i{“m) mit 
bee pax (PsP e | Pn |) =2 (n,m 8) 
finden, so dass die Linearform 
L==6; P, +6,P,+...+60,P,—Q 
den Ungleichungen 


s|— 


(3) 


— Qn,m 
ome et ee 
und 
=. (5) 
genugt. 


Bemerkungen. 1. Es geniigt den Satz zu zeigen mit 


1 nl 
rod, (eee <2 

fiir jedes beliebige positive 0, statt mit (3), (4) und (5), denn weil diesen 
Ungleichungen héchstens endlich viele Systeme ganzer (P;, P2,..., Pn, Q) 
aus K (i{“m) geniigen kénnen, folgt aus Stetigkeitsgriinden sofort der Satz. 

2. Aus Satz 1 folgt, dass es zu jedem ¢>2 ein System ganzer 
(P;, Po, «Pn, Q) aus K(il'm) mit (3), (4), (6) gibt: Ist nun L eine eigent- 
liche Form, d.h. ist L fiir jedes solche System #0, so kann, wie man 
sofort aus (5) ersieht, das betreffende System bei unbeschrankt wachsendem 
t nicht immer dasselbe bleiben, sondern es muss vielmehr die Zahl P 
mit ¢ unbeschrankt wachsen. Es gibt also unendlich viele Systeme ganzer 
(P,, Py...» Pa, Q) mit (4). Im Fall, dass L uneigentlich ist, ist die letzte 
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Aussage trivial, denn mit (P;, P2,..., Pn, Q) ist fiir ganzes Z aus K(iV m) 
offenbar auch (ZPj,Z P11. 2Pm 2) eine Losungaven i), 

3. Das mit dem Gegenstand dieser Note eng zusammenhangende 
Problem der simultanen Approximation komplexer Zahlen durch Briiche 
(gleichen Nenners) aus K (i [Y m) haben wir in einer andren Abhandlung 
behandelt 7). 

4. Auch beim Beweis des Satzes 1 benutzen wir die BLICHFELDTsche 
Methode, indem wir uns stiitzen auf den folgenden BLICHFELDTschen *) 


Satz 2. Der Raum Rm der Punkte (u,,u2,..., um) (M=2) werde 
durch die ,,Ebenen” 
paid bby f eed 2, in Ie bap ee reell, fest) 


in Fundamentalparallelepipede R eingeteilt. In jedem R seien k (k =1) 
beliebige Punkte fest gegeben. Diese Punkte heissen hier die Gitter- 
punkte des Raumes Ry. Der Inhalt von R sei W. Ist nun S eine 
beliebige beschrankte offene stetig zusammenhadngende Punktmenge im 
Rm mit dusserem Volumen V und ist ¢>0, so kann man durch eine 
passende Translation die Menge S immer in eine solche Lage bringen, 
dass die Anzahl der Gitterpunkte, welche innerhalb von S oder innerhalb 


einer «-Umgebung eines Randpunktes von S liegen, grésser als oe ist. 


§2. Beweis des Satzes 1. Wir setzen 6,=a,+if,(y—1,2,...,n) 
und bilden den Raum Rp,+ 2 der Punkte 


(Xi, ManeaS 6 ae kee Up: Yack a eee 


/ 
auf den Raum -R’j,4 2 der Punkte(w,. a3, <..; in, Ga 41s Vis Cree a One 
durch die Transformation 


iy = Xy a Yy 


(6) 


Un+1 = ; ven a oe : 
ay) y Xy Oy By 7 dh tan fc 
r=! 


n 


mae Siwe( t+ KB) y) HA, 


v=] 


2 e 
) J. iF KOKSMA und B. MEULENBELD, Simultane Approximationen in imaginiren 
oer Zahlkérpern, Proc. Ned. Akad. v. Wetensch., Amsterdam, 44, S, 310—323 
{ : 
3) H. FP. BLICHFELDT, A new princi i 
on. : principle in the geomet f i 
applications. Trans. Amer. Math. Soc. 15S; soya (1914). me a 


. 
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ab. Setzt man in (6) fiir (2), 23, . . . + Xpv Xn eas Yrs Yor «+s Ym Yn +1) Samtliche 
Gitterpunkte des Ron+ 2 ein, so erhdlt man im R’yn+. ein System von 
Punkten (u,, 12, ...» Uns Un +1, U1) Vor +++ > Uns Vn +1), welche wir als ,,Gitter- 


punkte” des R'yn+ im Sinne des Satzes 2 auffassen wollen. Weil diese 
Punkte ein abzahlbares System bilden, lasst sich im R’on+ 2 ein Punkt 
(apie ees Ges An + 1 C1, Ba, -- + Cas On +3) finden, der i.B. auf alle Koordi- 
naten von sdmtlichen ,,Gitterpunkten’’ des R’yn +  verschieden ist. Wir 
betrachten im R’, 4 jetzt die Fundamentalparallelepipede R, welche von 
den ,,Ebenen’”’ 


Uy = ay + gy / nti = anti + ky gn 


Paver soe" Ym 


Un+1 — bn+i 5 ae ee ky hnsi 


begrenzt werden; hierin sind k, und k, vorgegebene natiirliche Zahlen, 
wahrend gy, gx, ---+ 9a gn+1- hy, hy... An, hn + unabhangig voneinander 
alle ganzen rationalen Zahlen durchlaufen. Jedes der R hat offenbar das 


Volumen 
Ty tiie 
w= (Cm) ee eS oe eee 


und enthalt genau 


Bape ae ee ra ee 


,Gitterpunkte” der Rn+2, denn bei festen gy und h, geniigen genau 
k, ky Systeme von ganzen rationalen Zahlen 


Xy,X2,-+-1 Xn Xn+ 1s Ys Yor + +++ Yn) Yn +1 


den Ungleichungen 


COE ae ae | 


b, Br. gat yr < by es +0 


ani + hy gas ee } Cy Xy («4 — py a) Yr | + 
v=1 


Sn i ae 4 Yn+1 <anithk, (gn+1 a 1) 


bats = ee ky hin+i ce oS | Be Xy + (¢. a + Ay ye Yy + 


=H) | ise 


Leia < Dyer eT (An+ ie 1). 


JA 
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Sei jetzt im Raum R2n+2 der Kérper S’ durch die Ungleichungen 
a 
| tn41 + i vas | mai 


: ; ' _fnt+l1\ 
genie He reer ft fie angi + fons 2n ) 


varivy 3 atl 
fines tian | 09 et <i etir (ee 


) < | unser bi vps [t< 1, 
(feat 2), ye Ke 


wo zur Abkiirzung 
1 


ae=(t oan)! 2 8S ek Sr 


gesetzt wurde, definiert. Das Volumen von S’ sei V. 
Durch die Transformation 


* 
io Sally 
(f=. 2, Hl 
* 
CUrn=atluy 
u = Hs 
n+1— _, &n+i 
at 
‘eee * 
Unt1 = — Vn+1 
at 


entsteht aus S’ offenbar der Kérper S* 


| uns tivng| <a 


at ee 2° n® | ani + i vad | . |Unai +i vag | — ee) 
|uy +iv,|t+- <i fiir : 


a (ne lee 2n 


| wna +i vas | x 
pee she: 


a ~ 
Waal 27.4 re 


dessen Volumen V* von uns in einer vorigen Arbeit auf 
ye a2 lm n+l 1 

"p28 A 0? 
n,m 


berechnet wurde *). Weil die Determinante der Transformation den Wert 
D=(at)"-2 hat, ist also 


2 Dae —\ n+] 
; 1 
V=DV*=(at?2 5 (42) 2 = 2) wee ATG) 


n,m 
wegen (9). 


Lis lehi <1 tar ee) ec [Han ti vas | 


4) Namlich in der unter 2) zitierten Arbeit, S, 315, 316. Man beachte, dass das in jener 
Arbeit auftretende y ih gleich der n-ten Wurzel der in der vorliegenden Arbeit auftreten- 
den Zahl ©n mist. Dass a in jener Arbeit einen and 


ren Wert hat als in der vorliegenden 
Arbeit, beeinflusst die Berechnung nicht. 
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Nach Satz 2 gibt es nun zu jedem vorgegebenen positiven « im Raum 
Ron+2 eine Translation 


Bete Gy ee te ey Pel, 2... + 1)s 


durch die der Kérper S’ in eine solche Lage versetzt wird, dass die 
Anzahl der ,,Gitterpunkte” des R2n+2, welche zu S’ oder zu einer 


é-Umgebung eines Randpunktes von S’ gehéren, grésser als Tz, also 


wegen (7), (8) und (10) grésser als 


Coir comes 


ist. Es gibt also wenigstens zwei solche ,,Gitterpunkte”’ 


# ’ t t t r / / 
(z1, Z2,20+3 £ny Zn+1s Wy, W25--65 Wn; Wnt), | 
iad vw 


wt a ur mu wt mr 
(oe, it 2s Ladle 1p, ose Wy, Whi); J 


(12) 
die ihnen vermége der Translation (11) entsprechenden Punkte seien mit 
' Ui J , ’ ’ ! ' ai ad aa ad vt tr Ww tt 
(a1, U2,-+-, Un, Un+1, Vis U25-+++ Uns Unt): (a, U2,+++,Un, Untis-++s V1,U250++5Un; Uittt)s 
und die ihnen vermége (6) entsprechenden Gitterpunkte des Ron+2 mit 


(13) 


a “4 U ’ t y id / 
(xp op Xa Katie Yi» S22 +s 1 Ye, sa 
ia w ia as tt uw ® wr wy 
(x1, XQ, 0525 Xns Xntis Y1s Y2s-+>s Une Ynt+1) 
angedeutet. Wir nehmen jetzt die in der Bemerkung 1 beim Satz | 


genannte Zahl 6 >0 beliebig, aber ohne Beschrankung der Allgemeinheit 
=t an, und wir wahlen ein positives é’ mit 


1. Fie oe gh 
2(1+e¢)<t und & < 100 6, also ai 


1 


ii (14) 
1< (445) Ve ewe | 


je J 1’ 


Dann ist in der obigen Aussage, wo man offenbar gzeele) > 0 nur 
hinreichend klein zu wahlen hat, folgendes enthalten: 


fete 
t ’ 


1+eé 


; (15) 


tn+i tivasi |< 


| Un+1 + ivny | = 


und entweder 


ja tio] | 2 at lan tiven lt oy 4 y 


a (n + i a, 


mit 


eae , 
ee = (2 | (1 +e’), 


4572 


oder 


hae) 14 oe es mie 


| Unai i Un+i | t 


(734 ry (1—e’) << | uns ti vper [tite 
n 


sowie entweder 


lav ivy |), 29*tn™ | waa + i ong | t 


: (nt yr <1-+e’ mit 


st . 
lad biceale<( AE) (1 24, 
oder 


4a <1l+e’ mit 


| tn+1 +i ons |t 


yf - ad 
uw, tiv, 
a 


es (1—e’) << | ung Fivng | ft C1i+eé’. 


Wir behaupten nun zundchst, dass es unmédglich ist, dass fiir alle 
Peas 2)... tt 


ise, Woe= OF 
gelten wiirde. Denn dann ware auch wegen (11) fiir y= 1,2,...,n 
By es Ey, Mv es Wy; >, ing os ee 
und also ware wenigstens eine der beiden Ungleichungen 
Znti = Zntls Wn+i ao Wr+t 
d.h. wegen (11) mindestens eine der beiden Ungleichungen 
Unit es Un+1 , Un+1 x Un+i 


erfiillt, so dass wegen (6) und (16) gelten wiirde (man beachte (1)) 


| tn+1— tng +i (Yne1— Vn 4))| = min. (1. im) =] ftrwa -5 i) 


, ” . , wt i 
| ati —Uaen i (Un+1—Un41) | = min. (., i+ & \= 1 fiir m=3 (18) 


Die Ungleichungen (17) und (18) widersprechen aber der aus (15) her- 
vorgehenden Ungleichung 


| tnt — tng bi (views —vn+i)| < ace 2a 


(siehe (14)). Es gibt also wenigstens ein v(1 =y»=n) 
eine der beiden Ungleichungen 


' 
uy ar tive Os tee 


fiir das mindestens 
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erfiillt ist; hieraus folgert man aber sofort die Richtigkeit der Formeln 
(17) und (18), jetzt aber fiir jenes », statt fiir n-+1. Es gilt also fiir 
wenigstens ein » (1 =v=n) die Ungleichung 


=— 


rei 1 om By ee 1, se we (19) 
Wir setzen jetzt fiir die Punkte (13): 


een ocean) 


Pigs Kee ys (v=1,2,,...,n) | 
a (20) 
Gehman aas 2S ae 
L=06,P,+ 6.P.+...+62Pr—Q 
Wegen (11), (6) und (20) gilt fiir y= 1,2,...,n 
u, —u, +i(v, —v,) =z, —z +i(w, — w) 
* (21) 


und 


baa — Unger + i (Va41— Ons) = Zn41 — Zana + i (Wasi — (wn) 


: m (22) 

a: \ 6X 4 ee 2) ve Ee 
x mG at 

SW feted s 

v==1 
Estist-nun (P,, P3,.... P,, Q) ein System ganzer Zahlen aus K il’ m), 
fiir die wegen (21) und (19) gilt 
P=max.(|P,|,|P2|...-.|Pn|)=1. 


Wir kénnen nun auf Grund der jetzt erreichten Ergebnisse die fol- 
genden Ungleichungen herleiten: 


jes | 


E 


P<(2+9)a (23) 
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Weil aber die Beweise dieser Ungleichungen auf genau dieselbe Weise 
gefiihrt werden als die Beweise der entsprechenden Ungleichungen im 
reellen Fall, welche wir in der unter!) zitierten Arbeit in allen Einzelheiten 
durchgefiihrt haben), und iiberdies die geringfiigigen Abweichungen, die 
durch das Auftreten des Komplexen nétig sind, in den entsprechenden 
Beweisen der analogen Ungleichungen unsrer unter’) zitierten Arbeit 
aufs klarste hervortreten®), glauben wir die Herleitung von (23) dem 
Leser iiberlassen zu diirfen. 

Aus (23) folgt wegen (9) nach der Bemerkung 1 beim Satz | aber 
sofort die Richtigkeit dieses Satzes. 


5) Es sind die Ungleichungen (27), (28), (29) jener Arbeit und die Beweise findet 
man auf den Seiten 71—74. 

6) Es sind die Ungleichungen (32), (33), (34) und die Beweise findet man auf den 
Seiten 320—323 jener Arbeit. 


Mathematics. — JIntegraldarstellungen [fiir WWHITTAKERsche Funktionen 
und thre Produkte. (Erste Mitteilung). Won C. S. MEIER. (Com- 
municated by Prof. J. G. VAN DER CORPUT.) 


(Communicated at the meeting of March 29, 1941.) 
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§ 1. Ich wiederhole zunachst zwei Formeln, die ich neuerdings ') ange- 
wendet habe zur Ableitung von Integraldarstellungen fiir BESssELsche, 
SrruvEsche und LomMELsche Funktionen. Ich nehme an, dass der Leser 
mit den Bezeichnungen vertraut ist und iiberdies die einfachsten Eigen- 


schaften der Funktion Gp," (¢) kennt ”). 
| (1) 


Die erste in Frage stehende Formel ist %) 
x< abe (a—b,, a—b; a -E p—b,—b); 1—v) (v—1)*+ 2-81-02“! oF dv; \ 


myn { pAtse+7 py _ ‘ eva 
G ps G Is = ‘ i m,n (: 1 p ) 
POE by esba) — Plat BBB) PAE? |B, Boeenobe 


diese Beziehung gilt unter den Voraussetzungen *) 


mz= 2, 2ms-2n—p—q_>0, 2. ae 
C#O0, |arg¢|<(m+n—tp—tq)a,.... . (3) 
FR (ay) — LP (G9 (aj) VORB) oe Ge 


und 
(by + byl (a Bn. ee eee (5) 


Die zweite Formel lautet wie folgt 5) 


Ajy+++1Ap i 33 ee ° me 
b,..-,b¢/ I'(a—b,), pq \ Sv 
1 


MEIJER, [20]. 


4j,.++,ap 


Gat ( 


BH 


I é : ; & 
n Bezug auf die Funktion 5 ght) vergl, man [10], 11; [20], 199; [21], 82—83. 
Man vergl. [20], 199, Satz 1. 
In [20] gebe ich etwas allgemeinere Bedin ur di 
gungen fir die Giiltigkeit 1) mea 
der vorliegenden Arbeit aber brauche ich nur die einfachen vee ae) Ae 
(4)-aind (5). Desgl. bei (6). : mat: 
5) [20], 204, Satz 2. 


eo 


iM} 
YY weo rer 


4 
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hierin wird 
m=1, 2m-+2n—p—q-> 0, 


€#0, |arg6 |< (m+n—tp—tq)a, 


Ra—1< Rb) (jh...) 
und 


H (bi) < ¥ (a) 


angenommen. 

In der vorliegenden Note werde ich (1) und (6) auch auf WHITTAKERsche 
Funktionen anwenden; ich werde na&mlich mit Hilfe von (1) und (6) 
Integraldarstellungen ableiten fiir die WWHITTAKERschen Funktionen 
Wim(z) und Mg m(z) und fiir die Produkte We,m(z)W_,m(z) und 
Wk, m (iz)Wx,m(—iz). Es wird sich zeigen, dass verschiedene Formeln, 
die ich frither auf andere Weise gefunden habe, jetzt zum Vorschein 
kommen als Spezialfalle von (1). 

Die Funktionen Wx, m(z) und Mx,m(z) kénnen folgenderweise in die 
G-Funktion ausgedriickt werden °): 


Ces 
Wem le) =e G38 (2 : ). LAO IT 


1k he (8) 


b+m,4—m 


e— 32 


— 21 
Wen) = Peeper yciem Oe 


Mk, m (z) 


ee Tl 2m 1,1 ( 
STareen 


1—k 
Pe 8 


ee | ies Sul 
t—zha—gk (10) 
tm,ttim,4—tm) 


Fiir die Produkte Wx,m (z)W_x,m(z) und Ws, m (iz)We,m(— iz) gelten 


die Beziehungen 


Wr,m (z) W_xk,m (z) ee Gr (; a2 p 


W i,m (iz) We,m (—iz) = : on(i 
ee 2). Vm Bal (k—k+m)U(b—k—m) 


6) Fiir (7), (8), (9), (10), (11) und (12) vergl. man [10], 12—14; [21], 187 und 194. 
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Auch die Funktion K,(z) und die LoMMELsche Funktion’) Sy,» (z) sind 


Spezialfalle der Funktion Gry (6); man hat namlich *) 


K, (2) =4 Go (bz2|4%—-4, . . . . © (13) 


Mee aan 
Su =TE yap) Tete) 


1 1 1 es 
S+FMEM — 3 


In den §§ 3—8 benutze ich ferner noch die bekannten Relationen 


Pat ei taecee eran age et ay, a) ie 
Goa (¢ Sena) 2 pa \S Die es ba Jue « 7) 
und 

etn ap ssen Bp O\ iy a | ayes e) eee 
CREA - BAEC (< bid by jy Pe 


§2. Weil im Folgenden wiederholt zugeordnete LEGENDREsche Funk- 
tionen erster Art auftreten, werde ich einige Hilfsformeln iiber diese 
Funktionen vorausschicken. 

Die zugeordnete LEGENDREsche Funktion erster Art P},(w) wird in 
der von w=1 bis w=— 0 aufgeschnittenen w-Ebene definiert durch %) 


3 ee ae 
Ph (ip) ao Ee oR (n-ne 


Ist —1<w< 1, so wird die zugeordnete LEGENDREsche Funktion 
erster Art P),(w) definiert durch 


‘(1—w)-?! 
rit oF, ( n,1+n;1—l;4—1w). x (18) 


Pay #i(-en—4$h44+5n—41; 1b 1—w, (19) 


‘) Fir die Definition der Funktionen K,(z) und § 
78 und 347—349. 

8) [20], 206, Formeln (36) und (42). 

®) Fir (17), (18) und (19) vergl. man HOBSON, [5], 188, 227 und 219. 


u,v(z) vergl. man WATSON, [22], 
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Aus (17) mit w=cosh 2 t geht hervor 


2, (—n, 1 +n; 1 —1; —sinh? 4) =T'(1 —2) sinh! tcosh-! ¢ Ph (cosh2#); (20) 


ebenso liefert (18) mit w—cos2 


oF, (—n, 1 +n; 1 —; sin? y) = I'(1—D) sin! p cos! p Pi, (cos2q) . (21) 


Schliesslich folgt aus (19) mit w—cosh t 


F,(—tn—41, $+4n—41; 1—1;—sinh?)=2-'T'(1—D) sinh’ t Ph (cosht) . (22) 
Durch Anwendung von 
oF; (a,b; c; z) =(1 — z)-* +F, (c—s. a> c: a 
auf (20) und (21) findet man !°) 
F,(1-n, 1-+n—1; 1—1; tgh?)=I'(1—D) sinh! t cosh?"-!+?¢ Pi (cosh2t) . . (23) 


und 


Fiitn, 14+n—1;1—1;—tg’og) = (l—) sin! p cos?”-!+2p Ph (cos2q). (24) 


Nun ist 


oF, (& —k. —k; 4; —w?) =F {(1 + iwP* + (1 —iw)*}; 
es gilt daher 
Ff, (—k, —k; 4; tgh?)= 4 {(1 + tgh ¢?* + (1 — tgh t?*} 
= cosh-?*t {(cosh t + sinh #)?* + (cosh t —sinh t)’*} = cosh~?* tcosh 2k f 


und ebenso '') 
»F, (4 —k, — ki 4; —tg?y)=cos-?* pcos 2kp . . (25) 
Mit Riicksicht auf (23) und (24) hat man also '”) 


cosh ut 


# , 1 (cosh 2 ) =—= oe 
Buse ) [a sinh? t cosh? t 


(26) 


10) Man vergl. auch Hopson, [5], 210, Formel (41). 

11) Man vergl. auch Gauss, [4], 127, Formel (XXII). 

12) Die Beziehungen (26) und (27) kénnen auch auf andere Weise abgeleitet werden; 
man vergl. HoBsoN, [5], 286. 


Proc. Ned. Akad, v. Wetensch., Amsterdam, Vol. XLIV, 1941. 29 
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und 
ie si ‘yup pee 
[x sin y cos? p 


Pi n—4(CO8,.2 @) — 


§3. Durch Anwendung von (1) mit a=}$+4+y und B=3+1—yu 
auf (7) findet man 


4z 
oath iy f(s 


Ik 
has eee a ee 
x oF, (A + wm, A+ w+ m; 24; 1—v) (o—1)?*1 vo *3 a 


Fiir die hierin vorkommende Funktion G7’2(zv) gilt wegen (15) und (7) 
1—k—A ) 
2,0 
at3(ze btm dau 


Die Funktion W«,m(z) besitzt daher mit Riicksicht auf (28) die Integral- 
darstellung 


1—k ac ey 
Pea ae ay oh ee 
= (zv) e327” Wrsa,u(z 0). 


: (29) 
XK Fy (A+ u—m, A+ u+m; 2d; 1—v) (v—1)?4-! ve"? do; 
$a und (A) >0. 
Nun gilt bekanntlich 
Wiimm()= Wirm—m(=Ct+me-¥#; . 2. . (30) 


Formel (29) mit w=4$—k—A/ und v=1+ ~ liefert also 


erent. 
We, m “= Faq |e ae iv a (s—k—m, 4—k-+m; 24;—u]z) udu; (31) 


(0) 


diese Beziehung tritt auch auf in einigen vorigen Arbeiten '3) des Ver- 
fassers. 


Fiir u=m-+d geht (29) wegen 
af; (a,b; a; w) = (1—4p)=0 (32) 


ee 36; [11], 478—479; [17], 1098, 1101 und 141-143, Siehe auch ERDEIE 
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A ptz < 
Wim(z)= Fan | e782” Wri, moa (zv) (v—1)24—-1 p—™-"-4 dy (33) 
1 
iiber; auch diese Relation habe ich schon friiher '4) abgeleitet. Der 
Spezialfall von (33) mit 4A=1—4k—1m und v=1 fee ergibt die 


bekannte Formel 
yo ae ts i —u BN CORT BE beet hye 4 
Winl=TE——p—m | ° fe | u du; 
0 


diese Beziehung kommt auch zum Vorschein, wenn man A=1—t4k—4m 
setzt in (31). 


14) [17], 143. 


Pao he 


Mathematics. — Neue Integraldarstellungen ftir WHITTAKERsche Funk- 
tionen. (Vierte Mitteilung). Von C. S. MEVER. (Communicated by 
Prof. J. G. VAN DER CORPUT). 


(Communicated at the meeting of March 29, 1941.) 
§ 11. Wegen (75) und (101) hat man 


kt+k 
59 2 2 
2,4 (w of —m, 2k + m, ae) 


0, + 
m—k, —m—k, k-++m,k—m 


) 2 aw Lae) Kim (w). 


Aus (63) mit = z2,v—u?, B=2k,x=4—k und 4—=m folgt also 


4 Vee zit2k e412 ~ ‘ 
| 2k e— $2” Wy _ 4 m (a?) I_-2n(zu)K2m(zu)du; (12 


es 
Wi, m(z ari orn) Iie km) 
0 


diese Beziehung gilt fiir z 7-0 und R(} —k +m) >0. 

Auf analoge Weise liefert (63) mit C€=z?, v=u?, B=1+2k,x=3—k 
und 4A=m 
{ u~?k-1 e—3" Wy _ km (uu?) 2x1 (zu) Kom (zu) du; 


0 


4 la z2t2k e— 42" 
I (4—k-+m) l'(4—k—m 


Wk, m ‘C7 pes 


hierin ist z+ 0 und SK (k) + KR (m) <0. 

Der Spezialfall von (136) mit k—=—m ist schon von ERDELY! 7%) 
gefunden worden. Nimmt man k=1+-+4n und m=1Jin (136) und in 
(137) und ersetzt man z durch 4z|[“2 und u durch Luf{/2, so erhilt 
man mit Riicksicht auf (111) und (117) : 


lgag 2 [eee 
Pal)= "Fen Jt” te Dao) aa aa) de 
0 


[z #0; R (n) < 0) 


| (138) 


bezw. 


I’'(—n) J uP te erry) =, (ais ea) al 


0 


(139) 
Psy! 


/ 


88) ERDELYI, [8], Formel (14). 
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Setzt man k= f=0,x=43,6=22? und v=2 1? in (63), so bekommt 
man infolge (113) und (102) 


ao 


ne* [" 
Bee 2c * e—® Wy (2a?) {Lim (2.2) Lam (2 2u)—Im—a (2-20) Im+i(2zu)}du; (140) 


sin mz 


(z’) 


hierin ist z-0,|R(m)|<1 und 4 beliebig mit | (@)| +|R(m)| <1. 
Der Spezialfall mit 40 ergibt wegen (116) 


a 


a FE fe? {Fm z0)—Ty zu) da De, 


 sinma, 
0 


Km (z?) 


diese Beziehung habe ich friiher *’) auf andre Weise gefunden. 

Ich werde jetzt einige mit (136) und (137) verwandten Relationen 
ableiten. Dazu substituiere ich 

a ee — a, wi 2y, P==2k, x —F +k und 14—=m in (66), 

C=27, v=—u?, p—29, B=1+2k, x——4+k und 4=™m in (66), 

€=27, v—u’, B=—2k, x=4+k und 4=™m in (68), 

£=27, v=—u’, B=1—2k, x=4+k und 4A=m in (68), 

t= 27, v—u?, B=—2k, x=——4—k und 4=™m in (69), 

C=27, v=u?, P=1—2k, x= —4—k und 4=>m in (69), 

t=22, v=u’, R=—2k, x=4+k und 4A=>m in (70), 

C=27, v=u, B=1—2k, x—4+k und 4=™m in (70), 

C—27?, v=, B=—2k, x=4 +k und A =—>m in (71), 

f= 22, v—n?, B=1—2k, x=4 +k und A =—>m in (71). 

Diese Substitutionen ergeben successive mit Riicksicht auf (104), (103), 
(99), (100), (96), (97) und (98) 

2k ei (1k + mE K+ m) (b+ km) 
Ws, m (z”) = a 

2Vail(1+2m) 


x fw et M_ 3+ k,m (a?) V2x,2m (zu) du 
B 


(wo z#0 und | argz| <2), 
ZtkeIeP(1—k+m)Cgtk+m)l(E+k—m) 
2Uail(1+2m) 


Wr,m (z) — 
x ef? Ms em (a?) Ude+1,2m (zu) du 
B 


(wo z#0 und jargz|< #2), 


39) MEER, [11], Formel (19). 
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Vn iz ei@ (1 +k+m) 
Wi, m (2) = 27 (1 + 2m) 


we largz 


= if a2 o- 4° My b, m (2) { HY (2) HS), (20s) Hie (zu) Hom (zu)} da 


(wo “£0, larg z| <42, R(-+m) >0, RE +k) > 0 und R(E+k+m) > 0), 


2 Yaie eal la km 
Wim) — 2T (1 + 2m) 


we larg z 


S< { u2k—-1 e— 4” My 4 gm (12) { Fse—1 (zu) H$), (zu) —Hn—1 (zu) Hm (zu) } du 
‘0 


(wo z£0, jargz|<ia,R(E+m)>0, K(k) >O und K(k + m) > 0), 


1—2k 532? f 
Wi al ramp | See ME ttn) Kael) Kone 
(Ge! ' . 


(wo z#0 und |argz|< 42), 


22k pt 2? 7 2 ) 
Wenlz)= 2 Ti ‘lj uk) et” M_y_k,m (uw?) Kax—1 (zu) Kom (zu) du 


C 
(wo z#0 und |argz|< 42), 


le) 


Mg, m(z?)= ; Te Bae e—3 Wi + km (u?) Sox (za) Jam (zu) du 


0 
(wo z#0, R(¢ +k) >0 und K(E+k+ m)>0), 


Va kee T(142m) ( 
Mi, m(z?2)= ee ™ [yor e724 Wisk, m (u2) Jox—1 (zu) Jom (zu) « 


0 
(wo z £0, R(k) > 0 und K(k + m) > 0), 


Mk. m eye ee (1 + 2m) T(i + k—m) I’ (4—k—m) 


x '(1—2m) 
oe larg z 
x u2k ei IVI a (u?) { Jax (zu) Ja (zu) + A ey (zu) FS ee (zu)} du 
0 


(wo z#0, |argz|< 42, R($—m)>0 und Jt ($ + k) > 0), 
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Mi. m (2?) = z?—*k et! D'(1 + 2m) F'(1 + k—m) P'(4—k—m) 
: a I'(1—2m) 


we—iargz 


xf u?k—! e— 4m My + k,—m (a?) { J2x—1 (zu) Som (zt) —J1—2¢ (ztt) Jam (zu)} du 
0 
(woz #0, | argz|<t2, R(—m)>0 und K(k) > 0). 


Ich gebe jetzt einige mit (140) verwandten Beziehungen. Dazu sub- 
stituiere ich €—=22?, v=2u? und k=f=0 in (62), (66), (67), (68), (69) 
und (70); iiberdies setze ich noch x ——+ in (62), (66) *°) und (69) und 
x—=¥% in (67), (68) und (70). Ich erhalte dann mit Riicksicht auf (113), 
(112), (97), (104), (98), (99), (100) und (96) 


Keats V2" rasara—a e” W_ 41 (2u?) 
XK [Im—a (2 zu) Im+a (2 zu) + Ji—m (2 zu) Jim (2 zu)} da « 
(wo z+ 0, | arg z |<32, |R(m)|<1 und A beliebig mit | (A)|-+|R(m)|<1), 


<a vee 
Kn (= a 4) Hh e” M_4:(2u2) Vm+2,m-2(2zu) du (142) 
B 


(wo z#0, |argz|<?2 und 2 beliebig), 


_V22e” . i 2 
Keie = rams W,,1 (207) 143) 
0 
X {Jam (2 zu) J-a—m (2 zu) —JIm-a (2 zu) Imi (2 zu)} du 
(wo z0, | R(m)| <1 und 4 beliebig mit | % (2) | +| HR (m)| <1), 


we—largz 
7 ie?” wr 
Km era | e—” My, (2 wv’) 


0 


x Perees (2 zu) He m (2 zu) — Hem (2 zu) H?? m (2 zu)} du 
(wo z#0,|argz|<4und 4 beliebig mit H(}+ 4) >0 und R(1 + m-+A)>0), 


i (27) S fet M120") Kina( 220) Kn-s(220) de (144) 


~ Bai Te + De 
(wo z0, | argz|< 42 und 4 beliebig), 


40) Ich setze ferner y=2¢ in (66). 
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lo] 


In (22) = 2b e* i} e- Wy 1(2 0?) Smaa (2 2tt) Ima (2 20) da (145) 


0 
(wo z0, KR(1-+m)>0 und 2 beliebig mit R(1 + m+) > 0). 
Nimmt man 20 in (143) und in (145), so findet man infolge (116) 


oO 


Kane ie le e-2u? { J? (2 zu) —Jn (2 zu)} du. (146) 


~ sin ma 
0 


(wo z#0 und | ®(m)| <1) 


bezw. 
foe) 


In(2') = 40" [ we" Ji (2zu)du 4). . . . (147) 
0 


(wo z#0 und (1+ m) > 0). 


Die Spezialfalle mit 20 von (142) und (144) ergeben wegen (115) 
und (79) die fiir jedes z0 giiltigen Beziehungen 


Kn (2) =" [ wer" Hi? (zu) H® ( 20) da - «, (148) 
E 
und 
Ko (2") oe WeLy elpeivrin oo ke 


Man bekommt Erweiterungen von (148) und (149), wenn man in (66) 
und in (69) 


C= 227, v=2u’, k=0, B=—A und »x=—44+1. . (150) 


und in (66) tiberdies noch y=2q@ setzt. Diese Substitutionen liefern 
namlich infolge (113), (95) und (92) 


2'-tre- 2 ; 
Kn = ee | wt et M_441,2(2u?)H (2zu) H® (2. 2u) du (151) 
B 
(wo z#0, |argz|< 2a und a beliebig mit St (4 — 2) > 0) 


bezw. 


2' +2 e2* 


Ente) = eon) u?* et? M_442,.(2u2)Ky(2zu)du . (152) 
C 


(wo z0, | argz|<4a und 1 beliebig mit 9 (4 — 2) > 0). 


41) Formel (147) war schon bekannt: man ver 
l. WATS 
Siehe auch [11], Formel (18). : TSON, [26], 395, Formel (1). 
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Man sieht sofort ein, dass (151) und (152) Erweiterungen bezw. von 
(148) und (149) sind; denn die Spezialfalle mit 4—=0O von (151) und (152) 
k6énnen wegen (115) in (148) bezw. (149) iibergefiihrt werden. 
Der Ansatz (150) in (72) ergibt mit Riicksicht auf (112) und (93) 


Dit ez 


m= TFPI 


{fe e@ M_1 42,4 (2u*) Im(2 zu) Km(2 zu) du; 
C 
hierin ist z0,|argz|<4t2und42 beliebig mit (4 — 1) > 0. 
Fiir 4=0 bekommt man die fiir alle Werte von z+0 geltende 
Relation 
eae (i 
coin ay 
E 


Aus (112) und (58) geht hervor 
ela) ait Gis (2 z= 


~ cosmz 


tg Peete tay Km li2cu) dis «3° 2 (153) 


2. 
: i} aise MOS 


m,—m 


Nun folgt aus (50), mit o =2 27,7 = 1, x= 2u? und b = 0 angewendet, 


falls z= 0 ist, 
2 2 2,0 2.2 z 
ae u e?# Gi'3 427° u du 
ni 0, m,—m 
E 
of 


wegen (73). 
Mit Riicksicht auf (154) und (90) gilt also 


(Sages 2te= tr ge? Jn (2 20!) Yn (2 2u) du. 
E 


Die Umkehrformeln von (148), (149) und (153) fiir die LAPLACE- 
Transformation waren bekannt *”). 


§ 12. Ich substituiere jetzt 
BaA=1i++4k und x=—%+tHk in (62), 
po=A=4t4+ $k und x3 —Fk in (63), 


p=it+tk A=—1i—tk und x=4—tk in (64), 
Ba=A=4t—tk und x=3+ Fh in (68), 
p=A=4t—Ftk und 4 —=—2—tk in (69), 
pai-thk, A=—i+tk und “== —$—t+k in (69) 
pa=A=—4t—¢tk und x=3+4hk in (70), 

et tke de — + tk und x=3+ hk in CAL): 


| 


42) Man vergl. WATSON, [26], 439. 
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ausserdem setze ich immer ¢—z? und v=u? und ferner noch p=29 


in (64). Die resultierenden Beziehungen lauten mit Riicksicht auf (91), 
(94), (92), (88) und (90) 


ean meet E(k) —_ 
We, m (2) = 20'(4—k+m)l(4—k—m)sinma 


we—largz 


x| a4 eb Was setsae(u?) {J=m (eu) —Jin (zu)} da 
0 
(wo z#0, 


argz|<32,R(1+m)>0 und R(L—k+m)>O0), 


208 Zee 
W, cjeee 
k,m (2?) I'(3—k-+m)I'(4—k—m)sin2ma 


: (155) 
S< { u—k—-2 eo: W3-14,244k (u) Vers (zu) — I}, (zu)} du 
0 


(wo z#0, R(1+m)>0 und R(E—k+ m)> 0), . 


Wr, m (z?) = —= ee MES 
Va D(§—k +m) P(h—k—m) (88) 
wel? 


xf 


a E84 My 34, -4—46 (u) Kin (zu) du 
(wo z#0, 


0 
argz|< $2 und R(4—k + m) > 0), 


wo e—ilargz 


Ww Nee mz eb? 
one) 2 I'(3—k) sin ma 


[tthe He My seants 9 | 2 (ou) — J (eu) ( 
0 
(wo z+0, |argz|<1i2 und KR (1+m) > 0), 


422 
Wy. m(z2)= oo ae 


Saal ee ef’ M_ 344,14 (a?) Km(zu) du . (157) 
C 
(wo z0 und | arg z|<12), 


Wx, m (z”) — 228? P(1+k) 


a i I'(3 + k) [urtee M- 34,244 (u?) Kn (zu) du 
C 
(wo z#0 und |argz|<i2), 


@ 


_ 2V/azet* (142m) 
Mee m =) 453 
k,m (2”) gees 4 fw eo 8 Wri aks—ae (U2) Sin (zu) ds (158) 
0 
(wo z#0, R(i+m)>0 und Kis +k+m)>0), 


i i le, te el 
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_ WazelOr(i+2my +h 
ee es iG 


wo e— largz 


x | 4 8 My ga tan (a?) Sm (zt) Yn (ztt) de. 
0 


argz|<}a, R(} +h) >0 und R($+k +m) >). 


Die Relationen (155), (156), (157) und (158) sind Erweiterungen bezw. 
von (141), (146), (149) und (147); denn die Spezialfalle mit k—=0O von 
(155), (156), (157) und (158) kénnen mit Hilfe von (113), (112), (116), 
(114) und (115) in (141), (146), (149) und (147) tibergefiihrt werden. 


(wo z+0, 


§ 13. Jetzt setze ich 


Ba=ttitk—sm, 4=44+4k+ 3m und x=—$+3k— fm in (62), 
pBa=ititk—im, 4=44+4k+ 3m und x=—}$—Fk+ 4m in (63), 
p=itik—im, 4=—4—4k—$m und x—F—Fk+ 9m in (64), 
B=1i—4k—i3m, 4A=4—4hk+ $m und x=} +4kh+ 3m in (68), 
B=4—tk—$m, 1=1—$h+ 3m und x=—}$—Fk— Fm in (69), 
B=4t—tk—3m, 14=—44+4k—$m und x=— $—Fk— Fm in (69), 
B=1—tk—im, 4=4—4thk+ $m und x=i+74 +1 in (70), 
po=i-—tk+éim, 4=1—Fk—$m und x—=3+4k—4m in (70), 
B=1i—tk+im, 4A=>—4+3k+ 3m und x—=8+4124—1>m in (71) 
B=i—tk—Sm, 4=—444k— $m und x=} +Hk+ em in (71); 


ferner ersetze ich immer wieder ¢ durch z? und v durch u? und in (64) 
iiberdies noch y durch 2¢. 
Die erzielten Relationen lauten successive infolge (90) *%), (93), (92), 
(88), (89) und (91) 
ee hea eA TG 2m) Ptl—k—m) 
TN aa PG—k + m) PG —k—m) 


we targz 


x | u-kt+m—s eb” W_siik—im p+ektim (u) Jam (zu) Yom (zu) du 


0 
(wo z40, |argz|<¢%,R(G+m)>0 und K(4—k +m) > 0), 


43) Wegen (74), (75) und (90) gilt 


L4k,4—m 
1 2 72) _— 2,0 2 
Gia (w’ ) = oe (w 


m,—m,4++k,—3m 


; ——— la w2™ Jom (w) Yom (w). 


al 


ee 2,0 2 3 
son Gis (w Bees, 
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4 la zi-2m e—4iz* 
Win lz) = r'(4—k +m) I'($—k—m) 


ee) 


>< | ene se W344 44m,4444+ 4m (0) Lom (zu) Kam (zu) du 
0 

(wo z #0, R(4 +m) >0 und R(}—k + m) > O), 

4 zi-2m e432 1’ (1—k—m) 


ee Va P'(4—k + m) I (§—k—m) I'(§ —k—3 m) 
(159) 


wel? 


x | y-k+m—3 e-4l* My 364 4¢m,—4—4k—ym (t?) Kom (zu) du 
argz|<$7, R(}-—k—3m) > 0 und RG—Kk+ m) SO), 


0 
(wo z#0, 
2 [Vn z!-2m et? (3 + 2m) 


We, m (2?) = TQ@—k+3m) 


we—targz 
x | uk +m—¥ e848 My pk +4m,4—3k+ 3m (U7) Jam (zu) Yom (zu) du 
0 

(wo z#0, |argz|<ia und R(4+ m)> 0), 


2 z!-2m etz* (2 4+ 2m) 
Ned ans 
Wi, m (z”) = wil’ (§—k + 3m) 


k+3m (U2) K3m (zu) du 


a 
kK+m—+ pi? 
x fu Pet! M_3_3k-1m,t-4 


C 
(wo z#0 und |argz| <12), 
2 z'—2m et 2* (1 + k—m) 


9 yee 
Wi, m (27) = mi T(t + k—3 m) 


,—1+4k—am (u?) Kom (zu) du 


rw 
k+m—} oh 
x fu a5Ga Mere st ea 
( 


(160) 


(wo z0 und |argz|< 42), 


Mum (a2) = 2m 2m oh 1 + 2m) 
a (3+k+m) 


leo) 


kan —4.— 1 yp Z 
xf er Wasiksimaekaim ee (zu) du 


0 
(wo z0, R(L+ m)>0 und RE +k +m)>0), 


- i | 


=" => .- 


—— 
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Mk, m (2?) = 2Vx Ti hie eo 2m) 


a 


x | sae et Wi+ik-4mt-kk-3m (u?) Jam (zu) J—2m (zu) du 


0 
(wo z#0, R($—m)>0 und KRG +k+m)>0), 


2a zit2met? (1 +2m)r(itk+m) 


M es 2) — __ 
k,m (2*) Pietk+m)lG+k+3m) 


we—itargz 


df uk—m-3 e— a Miaka i44kea (u?) Jam (zu) Yom (zu) du 
(wo ae largz|<ia, HR (4 +k+3m)>0 und RG+k-+m)> 0), 


Vaz 2m et F'(1 + 2m) (1 + k—m) 
r&+k+m)(§+k—3m)sin2ma 


x | wk+m—¥ eB ME a4 m,—444k—4m (U2) {Jam (z)—J2m (zu)} du 
0 
(wo z0,|argz|<ia, R($+k—3m)>0 und R(Z+k+m)>0). 


Formel (159) ist eine Verallgemeinerung von (120); (159) mit 


k=1+4n und m=—H4 geht namlich nach einiger Reduktion mittels 
(111), (114) und (117) in (120) iiber. 
Der Spezialfall mit k—=4-+ $n und m=— 4 von (160) liefert in 


entsprechender Weise (124). 


Mathematics. — Eine Verallgemeinerung eines Theorems aus der Theorie 
der PFAFF’schen Gleichungen fiir den einfachsten Fall m=2. I. 
Von W. VAN DER KuLK. (Communicated by Prof. J. A. SCHOUTEN). 


(Communicated at the meeting of March 29, 1941.) 


Finleitung: 
q linear unabhangige PFAFF’sche Gleichungen 


dP =0:451)... x= pt+ lh. + a op oe 


wo die Ci in einer U0 (&)') analytische Funktionen der ¢;x=1,...,n 
0 


sind, bestimmen in jedem Punkte einer n-dimensionalen Mannigfaltigkeit 
X, mit den Koordinaten & ein System von o? Linienelementen dé’, 
eine s.g. p-Richtung. Eine m-dimensionale Mannigfaltigkeit Xm in der 
Xn heisst eine Integral-Xm von (1), wenn in jedem ihrer Punkte die 
tangierende m-Richtung in der p-Richtung von (1) enthalten ist, d.h. 
wenn die Gleichung 


Ci ober tm 0:4), 05. Am Sd es ns ES poe le ee 


gilt, wo Lv%---*m] der einfache Pseudo-m-Vektor der tangierenden m- 
Richtung der Xj, in & ist”). Man beweist leicht, dass dieser Pseudo- 
m-Vektor nun auch die Gleichung 


) 


Cig en ptes OF Cz 2 Oe Cie Oy Sen x= p+ 'lh..9. 0) 


erfiillt. In den CARTAN’schen Untersuchungen nach der Existenz solcher 
Integral-X,, gibt es nun ein fundamentales Theorem, das sich fiir den 
einfachsten Fall m= 2 folgendermassen formulieren lasst 3) 


‘ U1 bedeutet stets Umgebung, und ll (... .) Umgebung des eingeklammerten Wert- 
systems, 


2 


) Ein Pseudo-m-Vektor ist ein bis auf einen skalaren Faktor bestimmter m-Vektor. 
Vgl. J. A. SCHOUTEN und D. J. STRUIK; Einf. in die neueren Methoden der Differential- 
geometrie I (weiter zitiert als Einf. I) S. 9 und 15. Das Zeichen |_| bedeutet ,,bis auf 
einen skalaren Faktor"; vgl. D. v. DANTZIG, On the general projective differential- 
geometry III, Proc. Kon. Akad. v. Wetensch., Amsterdam, 37, 150—155, 150 (1934). 


3 r. » ' 
) Vgl. z.B. E. Carran; Sur l'intégration des systémes d’équations aux différentielles 
totales, Ann. Ec. Norm. (3), 18, 241—311 (1901) 
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Das System 
eee SH 4, 0,0 == 2. .4. 1, *) 
Che = 0) x= p+", :. (4) 


Ot pr — 0 


habe fiir jeden Punkt & einer U1 (&) o¢ Lésungen Lv“*J. In dem pro- 
0 


jektiven, ($n(n—1)—1)-dimensionalen Raum Sf? aller Pseudobivektoren 
des Punktes & bilden diese Lésungen also eine d-dimensionale Punkt- 
menge, die wir Sj nennen. Die Menge dieser G2 aller Punkte & aus 


Uu (=) nennen wir ein G%-Feld, und (4) ein System von Gleichungen dieses 
Feldes. Es mégen ferner in jedem Punkte & aus ll (é) die Pseudovek- 
0 


toren Lv%], fiir welche das System (4), zusammen mit 
Pee Oe! on Ow 25) 


mindestens eine nichtverschwindende Lésung |Lv“*] besitzt, in dem pro- 
jektiven, (n—1)-dimensionalen Raum ‘}! aller Pseudovektoren des Punktes 
& eine f-dimensionale Punktmenge bilden, die wir St; nennen werden. 
Die ; wird also gebildet durch alle Richtungen Lv*J, die enthalten sind 
in den o% Zweirichtungen, die gehdren zu den Punkten Lv“*] der 


lokalen G4 in &. Es gilt nun der fundamentale, von CARTAN herriihrende 


Satz °) 


Fallt in jedem Punkt & aus einer U(é) die Ry zusammen mit der 
A 


p-Richtung von (1), so ist das Gi-Feld mit den Gleichungen (4) voll- 
standig integrabel; d.h. es gibt zu jedem Wertsystem &, v“* 0, das 
0 0 


dem System (4) geniigt, mindestens eine Integral-X,, die & enthdlt, und 
0 


in diesem Punkt die Zweirichtung von |v“’| tangiert. 
0 


Fallt aber SR; nicht mit der p-Richtung von (1) zusammen (und dies 


ist in allgemeinen fiir jie lees der Fall), so sagt dieses Theorem 


2 


4) Diese Gleichung besagt, dass |v#| einfach ist, und somit eine Zweirichtung 
darstellt. Vgl. Einf. I, S. 18. 

5) CARTAN erganzt dieses Fundamentaltheorem durch Pincahiguna von S&atzen, die 
die Integral-X2 durch geschickt gewahlte Anfangsbedingungen eindeutig festlegen, In 
weiteren Untersuchungen gibt CARTAN eine Methode um durch Einfiihrung von neuen 
Variablen jedes PFAFF’sche System auf ein PFAFF’sches System in N Variablen (N > n) 
zuriickzufiihren, auf welches das Fundamentaltheorem sofort anwendbar ist. Mit diesen 


Untersuchungen werden wir uns hier aber nicht beschaftigen. 


= i 


nichts aus iiber die Existenz der Integral-X2, obgleich das 6j-Feld wohl 
Integral-X, besitzen kann. 

Fast zugleicherzeit und unabhangig von einander haben J. M. THOMAS, 
E. KAHLER und C. BursTIN das CarTAN’sche Theorem in einem zuerst 
von GOURSAT angegebenen Sinne verallgemeinert. 6) Dabei ist KAHLER 
wohl am griindlichsten vorgegangen. Statt (2) und (3) betrachtet er das 


System 


yl%---%m pal---m = 0 \ 


Oy 


Wi, y---4m = 0; 4, rag (age TNig Nia 


a 


1,1, 4m = 05 a,=N,+1,...,No, thin ade AG 


ae 
m 
Wi,.. Am p-4m = 0; Am — Net + 1, 0 40 6 Na 


und stellt fiir dieses System von Gleichungen ein analoges Fundamental- 
theorem auf. Die Verallgemeinerung besteht also darin, dass er ausser 
den Gleichungen (2) und (3), die entstehen durch Nullsetzen der Ueber- 
schiebungen von v%-:-*m mit q kovarianten Vektoren und deren Rota- 
tionen, auch Gleichungen in Betracht zieht, die entstehen durch Nullsetzen 
der Ueberschiebungen von v”:-::*m mit beliebigen kovarianten r-Vektoren; 
r=2,3,...,m. Eine Xm, deren tangierende m-Richtung Lv%---*m] in 
jedem Punkte dem System (6) geniigt, nennt er eine Integral -~ Xm dieses 
Systems. Es lasst sich zeigen, dass Lv%::-*m| dann auch die Gleichungen 


Oy 


2 (0p, way) v's -"m = 0; 0; =1,...,Ni;Ni=q 


%m—1 


(m—1) (Opa, 44... pq) 04m = 03 Om—1 = Nao +1,..., Nae 


erfiillt, und man kann also diese Gleichungen zu dem System (6) hin- 
zufiigen. Wendet man auf das neue System (6) denselben Prozess an, 


8) Vgl. E. COURSAT, Sur certaines systémes d’équations aux différentielles totales et 
sur une généralisation du probleme de PFAFF, Toulouse Ann. (3) 7 1—58 (1917), und 
Lecons sur le probléme de PFAFF, Paris, J. Hermann, S. 111 (1922), J. M. THomas, An 
existence theorem for generalized PFAFFian systems, und The condition for a’ PFAFFian 
system in involution; Bull. Amer. Soc. 40, 309320 (1934), E. KAHLER; Einf, in die 
Theorie der Systeme von Differentialgleichungen; Hamb, Math. Einzelschr. 16 B. G 
Teubner, Leipzig, 1934, C. BURSTIN, Beitrage zum Problem von PFAFF und zur Thksne 
der PFAFF'schen Aggregate, I Beitrag, Rec, math. Moscou, 41, 582—618 (1935), J. M 
THOMAS, Differential systems, Coll. Publ, Am. Math. Soc., Vol. 21 (1937) al 


453 


d.h. bildet man fiir dieses System die Gleichungen (7), und fiigt man sie 
zu diesem System hinzu, so lasst das System sich dadurch nicht mehr 
verlangern. Ein solches System nennt KAHLER vollstandig. Das Funda- 
mentaltheorem von KAHLER Iasst sich nun fiir den einfachsten Fall m — 2 
folgendermassen formulieren: 


Es sei ein Sj-Feld gegeben mit den Gleichungen 
plu ve 7] — 0, 


ca 7 
Wr oer OF a, = HN Gre NTs 


ene ae 
Pee apa ei -4,\ 


und es sei (8) ein vollstandiges System. Man bilde nun das zu diesem 
Gi-Felde gehérige Ny-Feld. Sodann gilt das Theorem: 


Fallt das ;-Feld mit dem p-Richtungsfeld der ae @ = 15 oe0, NON 


zusammen, so ist das S4-Feld vollstandig integrabel ’). 


Fallt aber das ‘t;-Feld nicht mit diesem p-Richtungsfeld zusammen, 
so gestattet das Theorem von KAHLER keine Aussage iiber die Existenz 
von Integral-X>, obgleich es sehr wohl solche Integral-X, geben kann, 


und das G%-Feld sogar vollstandig integrabel sein kann. Diese Ansiitze 
kénnen nun fiir m=2 folgendermassen verallgemeinert werden: 


Es sei ein beliebiges Si-Feld gegeben mit den Gleichungen 


pl? y271— 0 ) 


eed ete (a), \ 


i 
wo die F analytisch sind in einer Umgebung einer Nullstelle é, vu” #0 
0 0 


von (9), und ausserdem homogen in den v. Eine XX, heisse eine 
Integral-X, des Systems (9), wenn der Bivektor der tangierenden Zwei- 
richtung in jedem Punkte der X, dem System (9) geniigt. Es lasst sich 
nun zeigen, dass fiir eine solche X, die linearen Gleichungen 


RoR +F,, * Z,}—0:i=d+1,....2(n—2), . . (10); 


mit den in den Indizes w und/ symmetrischen Unbekannten Z;,, min- 
destens eine Lésung haben. Dabei bedeutet 
i 


dn F == (v* nicht differenzieren).. . . . . (L1)) 


7) Auch KAHLER erganzt dieses Theorem durch Aufstellung solcher Anfangs- 


_ bedingungen, die die Integral-X2 eindeutig festlegen. 


Proc, Ned. Akad. v. Wetensch., Amsterdam, Vol. XLIV, 1941. 30 
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und 
Fuss bd +1,...,2 (0-2). ° ‘ e c: (12) 


Analog mit KAHLER heisse nun das Gj-Feld vdllstandig, wenn die Glei- 
chungen (10) fiir jedes Wertsystem ¢’, v0 das den Gleichungen (9) 
geniigt, mindestens eine Lésung haben. 

Man bilde das zum ©7-Felde gehérige Sty-Feld. Die lokale Rt; in einem 
beliebigen Punkt & ist eine Regelflache, denn sie wird gebildet durch 
die 4% in der lokalen ‘3! liegenden Geraden, die den Punkten Lv] der 


lokalen Gj zugeordnet sind. Aendert sich langs jeder dieser Geraden der 
Tangentialraum der Jt; nicht, so heisst die Ht; abwickelbar. 

In dieser Arbeit soll nun folgendes Theorem bewiesen werden: 

Ein vollstandiges Sj-Feld, dessen Rtt-Feld abwickelbar ist, ist vollstandig 
integrabel, 
und es sollen ferner Anfangsbedingungen aufgestellt werden, welche eine 
Integral-X>2 eindeutig festlegen. 

Ist aber das ‘h;-Feld nicht abwickelbar, so ‘sagt das Theorem nichts 
aus iiber die Integral-X2 des Feldes, obgleich das Feld auch dann noch 
vollstandig integrabel sein kann. 

Das Theorem ist in zweierlei Hinsicht eine Verallgemeinerung der 
obenerwadhnten Theoreme von CARTAN und KAHLER. Erstens werden bei 
CARTAN und KAHLER a priori nur solche Gj-Felder in Betracht gezogen, 
die in dem projektiven Raum aller Pseudobivektoren des Punktes & 
vollstandiger Durchschnitt sind der 2(n—2)-dimensionalen Mannigfaltig- 
keit der einfachen Pseudobivektoren 


git 924] =O kes ee aan Ce 


mit einem linearen Raum. Denn in (4) und (8) kommen ausser (13) nur 
Gleichungen vor, die linear sind in den v‘’. Dagegen brauchen im an- 


gekiindigten Theorem die Funktionen F gar nicht linear in den v zu 
sein: sie brauchen sogar nicht rational in den v“ zu sein. Zweitens 
fordern CARTAN und KAHLER dass die lokale Ry in jedem Punkte ein 
linearer Raum ist, wahrend hier nur Abwickelbarkeit gefordert wird. 
Der Anlass zu der vorliegenden Arbeit war ein Schénheitsfehler, der der 
Theorie von KAHLER anhaftet. Gibt man namlich ein G3-Feld durch zwei 
gleichwertige Systeme von der Form (8), und wendet man auf jedes 
dieser Systeme das Theorem von KAHLER an, so kann es geschehen, 


dass man zwei ganz verschiedene Resultate erhalt. Z.B. betrachte man 
in einer X, das S3-Feld mit den Gleichungen 


yo" == Oc. ie (14) 


_=---.: 
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Wendet man auf dieses System die Theorie von KAHLER an, so folgt, 


- dass das System 


a oe = 0, 

~ hee (15) 
2 (Of. way) v"* =0 \ 
vollstandig integrabel ist, womit eine Uebersicht iiber die Integral-X> des 


©2-Feldes gewonnen ist. Man kann aber das G?-Feld auch durch die 
Gleichungen 


‘wip en v"*§ =0;:x= 1,2, 3,4 eee ee eee LO} 


angeben. Zwar ist das System (16) vollstandig, da aber das zugehdrige 
Ry-Feld nicht den ganzen projektiven Raum der Pseudovektoren [v*! 
erfiillt, ist das KAHLER’sche Theorem hier nicht anwendbar. Diese Schwierig- 
keit §) besteht beim angekiindigten Theorem nicht, denn die Lésbarkeit 
des Systems (10) andert sich nicht, wenn man (9) durch ein gleichwertiges 
System derselben Art ersetzt. 

Es liegt auf der Hand diese Theorie nun auch fiir m > 2 zu entwickeln. 
Man kann beweisen, dass das Theorem jedenfalls giiltig ist fiir m—=3 
und d= 1 oder 2. Es ist aber nicht wahrscheinlich, dass fiir andere 
Werte von m und d die Abwickelbarkeit des ‘h;-Feldes allein schon 


fiir die vollstandige Integrabilitat eines vollsstandigen G7-Feldes hin- 
reichend ist. 

In dieser ersten Mitteilung werden G%-Felder und ihre zugehdrigen 
Ry-Felder definiert und einige Eigenschaften dieser Felder bewiesen. 


1. Das S3-Feld und das zugehorige ‘Kit-Feld. 


Wir betrachten 4n(n —1)—1—d Funktionen der .n Variablen 
&: x=1,,..,n und der N=#n(n— 1) Variablen v%’; v4 = — v'#; 


ie d,s... Th 
k 
eee ot ee nek de 1,2... N—J,e.) (1) 
die analytisch sind in einer U(é&, v"*) und ausserdem homogen in den 
0 0 


k 
v. Es sei das Wertsystem é%, v“? 0°) eine Nullstelle der F, und es 
a0 


8) Diese Schwierigkeit ware aufgehoben, sobald man eine Methode aufstellen kénnte, 
mit deren Hilfe das System (6) sich so schreiben liesse, dass die Gleichungen des Systems 
von einander unabhangig waren, und zugleicherzeit die Zahlen Ni, No, .... Nm—1 maximal. 
Denn dann kénnte man stets zuerst das System (6) auf eine solche Form bringen, und 
sodann das Theorem von KAHLER auf das System in dieser Form anwenden. Eine solche 
Methode wiirde z.B. das System (16) automatisch in die Gleichung (14) iiberfihren. 
Nun lasst sich eine derartige Methode zwar aufstellen (z.B. mit Hilfe der Eliminations- 
theorie, vgl. B. L. v. D. WAERDEN; Moderne Algebra II, Leipzig, Teubner, Kap. XI), sie 
ist aber schon fiir m — 2 hinreichend kompliziert. 

9) yui +0 bedeutet “nicht alle N Zahlen ae “2 =1,...,n verschwinden”. 

0 


a0. 


ADS 


seien fiir dieses Wertsystem die Ableitungen 


k 7 
Boge oe p dL. nvh=d $i eee 


wh 5 ads th 


linear unabhangig. (d.h. es existiere keine Relation von der Form 
ke . 
o Fig 0} 54, 411) .08 a wo nichtealle o verschwinden.) Sodann lassen 
th ’ ’ , k 
k 


. . ih . . . a 
sich in einer U(&, v“?) N—1—d der Variablen v‘’, die wir mit v%” 
0 0 


bezeichnen wollen, aus den Gleichungen 


k 


F(e, )=0; k=d+1,...,N—1 . .°) . (1.3) 


lésen als analytische Funktionen der & und der iibrigen d+ 1 der 
Variablen v”’*, die mit v°” bezeichnet werden mdgen, 


gr P= FRR (Er, O82. ee 


In diesen Gleichungen sind die & und v*” innerhalb einer U (é, v*”) 
0 0 


beliebig wahlbar. Die f%? sind in den v*” homogen vom Grade 1. Be- 
trachtet man die é” als Koordinaten in einer X,, und die v”’ als Bestim- 
mungszahlen eines Pseudobivektors in &, so bestimmen die Gleichungen 
(1.4) in jedem Punkte & einer U (=) eine d-dimensionale Mannigfaltigkeit 


von Pseudobivektoren. Im projektiven (N — 1)-dimensionalen Raum ‘{? 
aller Pseudobivektoren des Punktes é bildet diese Mannigfaltigkeit also 
eine d-dimensionale Punktmenge, die wir eine Ntz nennen werden. Die 


Menge dieser IG in allen Punkten aus Ul (é) nennen wir ein in U (é) 
0 0 


definiertes Ntj-Feld. Das t3-Feld ist also die Nullstellenmannigfaltigkeit 
k 
der F in einer ba on): Diese Ul (é", v“*) lasst sich immer so wahlen, 
0 Oo 
k 
dassr dies iy a= da 1) a, Nealetie jedes Wertsystem é’, v“* aus 
u (=, at linear unabhangig sind. Geniigt ein solches Wertsystem ausser- 


dem den Gleichungen (1.3), so stellen die Gleichungen 


k 
For Viti =0; k= ditt, N= (1. 5) 


(V“* sind hier die ,,laufenden” Koordinaten) in der lokalen 38? von & den 
d-dimensionalen Tangentialraum der lokalen Me im Punkte Lv“? dar. 


k 
Die Funktionen F; k=d +1,-..,.N—1, nennen wie eine Basis des 


~~) = = + 


Re oe i es 
9 


7. bite “eect he Bie le en sy Se 


ie ie elt. Sie 


a ee ee ee 
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2 ; zx it Ex . . 
Wta-Feldes in Ul (, p ’). Ist F (&*, v"*) eine in einer Ul (é, v*) analytische, 
0 0 


th 


und in den v“* homogene Funktion, die Null ist auf dem ‘t2-Felde, 


. i . k 
d.h. die fiir jede Nullstelle der F verschwindet, so gilt infolge eines 
bekannten Satzes '°) eine Gleichung von der Form 


- Kk ‘ 
Bea) x (é*, v4) 1a CS oad ee ie eS (1. 6) 
mit in einer Ul ( cae analytischen Funktionen z. Bilden die Funktionen 
k 
k' 
eee. op"). ko (d + 1)’...-, (N — 1) ") eine andere Basis des It7-Feldes 


in einer Ul (, 4 ‘) d.h. also verschwinden sie auf dem Felde, und sind 


k' 
ihre Ableitungen Fyui; k’ =(d+ 1)’,...,(N—1)’, in U(E&, v") linear 
0 50 
unabhangig, so gelten in einer U1(&, v“*) infolge (1.6) die Gleichungen 
0 0 


k’ 


= k' 7 . | 
F(&, oti) = x (OPS of) yk—d+1,....N—I; / 


(1.7) 
ke =(d-+1),...,(N—1) 


/ 


k 
mit nicht verschwindender Determinante der x. Die Gleichungen 
k 
ki 
F=0; k=(d+1),...,(N—1) stellen in dieser U(&, v) also tatsach- 
0 0 


lich dasselbe t-Feld dar als (1. 3). 
Ein Pseudobivektor Lv’*] 0 des Punktes & heisst einfach, wenn es 
eine Gleichung von der Form 


pee Be Bia Ge ie 3 +. (ESB) 


gibt. Geometrisch stellt ein einfacher Pseudobivektor eine Zweirichtung 
in & dar. Die n.u.h. Bedingung dafiir, dass vo’ einfach ist, lautet 


plit A ve ah ())) PR es) ot Die es Pete (Te 9) 


Man beweist leicht, dass sich aus (1.9) in einer ll einer beliebigen 
nichtverschwindenden Nullstelle von (1.9) N—1— 2(n— 2) der Bestim- 
mungszahlen von v* lésen lassen als analytische Funktionen der 2(n—2)+ 1 
iibrigen, sodass in jedem Punkte & die einfachen Pseudobivektoren in 


der lokalen ‘7 eine M3 in—2) bilden, die wir GS? nennen werden. Es lasst 


10) Vgl, E. KAHLER lc. S. 12. 
11) Anhangen eines Akzents an k, d +1,..., N—1 bedeutet Aenderung der Indexart, 


und nicht eine Aenderung der Zahlen d und N. (Vol. Bint 1,:5..1:) 
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sich ferner zeigen, dass es unter den linken Gliedern von (1.9) Ne=-leew (n—2) 


gibt, die wir mit &; r=2(n—2)+1,...,N—1, bezeichnen wollen, 
deren Ableitungen nach v in e; wt £0 (wo jetzt te einfach ist. '?)) 
0 


und somit auch in einer U (e, v*) linear unabhangig sind. Die @ bilden 
0 


also in Ul (=, vo”) eine Basis “ae von den G? gebildeten s.g. S?-Feldes. 


Ein M3. Feld, dessen tz in jedem Punkte & in der lokalen G? liegt, und 
also nur einfache Bivektoren enthdlt, nennen wir ein Gj-Feld. Es ist 


stets d= 2(n—2). Das S?-Feld ist selbst ein Sin—2~Feld. Es sei jetzt 
der einfache Pseudobivektor Lv’’| £0 so gewahlt, dass &”, vu’ ein Wert- 
0 0 


0) 


system eines G7-Feldes ist, d.h. dass Lv] ein Punkt der lokalen Si des 
0 


Feldes in & ist. Sodann lassen sich 2 (n — 2) — d auf dem Felde 
0 


verschwindende Funktionen F (é&, v’); i=d-+-1,...,2(n—2) konstruieren, 
die zusammen mit den ®;r—=2(n—2)+1,..., N—1 in einer U(&, v™) 
0 0 


eine Basis des S3-Feldes bilden. Dazu ist naimlich n.u.h., diese auf dem 


Felde verschwindenden F so zu wahlen, dass ihre Ableitungen 
Piatto 2 (ae 2) 


zusammen mit den ®,;; r= 2(n — 2) +1,..., N—1 in &, v (und folglich 
0 0 


auch in einer U(é’, v'’)) linear unabhangig sind, oder anders gesagt, dass 
Gpiiud 


die Gleichungen 


a (Pu Vee: 0 id eee eee | 
( 


3 , (1.10) 
b. jie ie aur (A2 MN b—ecprerag 


0 0 


in der lokalen ‘8? von a einen d-dimensionalen Raum darstellen. (Der 


Tangentialraum der lokalen Sj im Punkte Lv“). Man sieht leicht ein, 
0 


dass eine solche Wahl stets mdglich ist. Ein solches System von Funk- 


12) Uebrigens darf man das Wertsystem &, ya beliebig wahlen. Dieses Wertsystem 
. . o. 0 0 
hat also nichts zu tun mit dem friiher erwahnten Wertsystem &%, vu, das eine Nullstelle 
k ides 
den isk dies ee IN ——ilwars 


~~~ 
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tionen F;i=d+1,...,2(n—2) nennen wir eine S-Basis des Feldes in 
ae, vt). Das Gé-Feld ist in dieser U die Nullstellenmannigfaltigkeit der 


fi fg 
vi v7] und der F. Da die ® eine Basis des S?-Feldes bilden, und sie 
anderseits in den linken Gliedern von (1.9) enthalten sind, sind die 


Ableitungen dieser linken Glieder nach v linear abhangig von den ®,, 
und umgekehrt. Daraus folgt dass (1.10) und 


a. \ (Fuad Vie tree pe= dys. 2 (n—2), | 
b. | ol? Ver =0 oi (1. 11) 


gleichwertig sind. Nun kann aber v” als einfacher Bivektor in der Form 
0 
ee Say eat eg J Doe ee (1212) 
0 0 0 


geschrieben werden, und die Lésungen von (1.11 6) haben somit die Form 


ite Be ee ne ye ete 13) 
0 
wo di¢ Za:x—J,..., n;a=1,2 beliebig sind. Substitution in (1.11 a) 
ergibt 
i 
(ol Be 0 oe Diy?) oie tal) 
0 


Der durch (1.10) dargestellte lineare Raum besteht somit aus allen 
Bivektoren von der Form (1.13), wo die Zq die Gleichungen (1. 14) 
erfiillen. Das System (1.14) hat ersichtlich folgende vier unabhangige 
Lésungen 

Zee By e123 0, 

eee 27 = 0; 

Zia onend, = By 


ie 
Zia en 2 Sas, &, 


von denen zwei die triviale Lésung V0, und die beiden anderen die 
Lésung V"*=v"? 0 des Systems (1.10) liefern. Da aber der durch 
0 


(1. 10) dargestellte Raum d-dimensional ist, hat (1.10) d und nicht mehr 
als d Lésungen, die untereinander und von v linear unabhangig sind, 
0 


oder anders gesagt, es gibt d und nicht mehr als d Bivektoren von der 
Form (1. 13), die (1. 14) geniigen, und die mit v ein System von d+ 1 
0 


linear unabhangigen Bivektoren bilden. Daraus folgt aber, wie man leicht 
beweist, dass es d und nicht mehr als d Lésungen Za von (1.14) gibt, die 
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untereinander und von den vier Lésungen (1.15) linear unabhangig sind, 
m.a.W. das System (1. 14), das 2n —4—d Gleichungen mit den 2n Unbe- 


kannten Z, enthalt, hat d-+4 und nicht mehr als d+4 linear unabhangige 
Lésungen. Daraus geht aber hervor, dass die linken Glieder von (1.14) 


linear unabhangig sind, wenn man dabei die Z; als Variablen betrachtet. 
Wie man leicht einsieht, sind die linken Glieder von (1.14) dann und 
nur dann linear unabhangig, wenn die linearen Formen 


i 


(Fin vo Zi, ; i=d+1,...,2(n—2), . . iL 16) 


mit den n? Variablen Zi;%,A4=1,...,n linear unabhangig sind. Der 
durch (1.10) dargestellte Raum besteht aus allen Bivektoren von der 


t|o| A Zz P 5 5 ; 
Form v'“'”' Z), wo die Zi die linearen Formen (1.16) annullieren. Damit 
0 


ist nun folgender Satz bewiesen: 
Die auf einem ©j-Felde verschwindenden Funktionen 
F (&, vo); fa de. 2 (eee 
bilden dann und nur dann in einer Umgebung eines dem Sj-Felde 
zligehdrigen Wertsystems *, ol = Br By #0 eine S-Basis, wenn die 
linearen Formen oo 


i 


(Fu ilo Be Zu} id 1,52. eo) 
in den 2n Variablen Z,;x=1,...,n;a=1,2 oder auch die linearen 
Formen c 

(Fa, vy Zi 3 t=d-+ l,...,2—2), | eee 
in den n* Variablen Zi; x,A=1,...,n, linear unabhangig sind. Der 


Tangentialraum der lokalen Gi von & im Punkte Lv} wird gebildet 
0 0 


durch alle Pseudobivektoren von der Form Be Zz wo Z, die Formen 
0 


(1.17) annulliert, oder auch durch alle Pseudobivektoren von der Form 


[uw 6 A) . oa . 
G I"! Zi, wo die Z; die Formen (1. 18) annullieren. 


Die Pseudovektoren Lv*| des Punktes & bilden einen projektiven, 


(n — 1)-dimensionalen Raum, die lokale 33! des Punktes &. Ein einfacher 
Pseudobivektor in & 


Poe eB, By se 0. MA=1,...,n . . . (1.19) 


lasst sich in di ‘ i 
ch in dieser ‘8! geometrisch als eine Gerade deuten, ndmlich als 


a 
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die Gerade mit den Parametergleichungen 
Pee ee eee eed. .n es i a 1,2. » ... (1.20) 


wo die o® beliebig wakhilbar sind. Jedem der o4% Punkte Lv’ einer Gj in 
der 8? von & ist also eine Gerade in ‘S$! zugeordnet. Die Punkte dieser 
co Geraden bilden eine Regelflache, die wir ‘ty nennen werden (t ist 
die Dimension). Einem Gi-Feld ist also ein ‘t,-Feld zugeordnet. Wir 


kénnen die ll (&, v) wo wir das Gj-Feld betrachten, so wahlen, dass in 
0 0 


allen in Betracht kommenden Punkten & die zugehérigen ‘h; stets dieselbe 
Dimension, namlich f, haben, und ausserdem kénnen wir die Umgebung, 
in welcher wir die Variablen & und v" betrachten, so wahlen, dass in 
dieser Umgebung die ‘ky von jedem Punkte é* keine Singularitaten enthalt, 
und also in jedem ihrer Punkte einen t-dimensionalen Tangentialraum 
besitzt. Es ldsst sich nun folgender Satz beweisen: 


=, * u“ i < = 2 Z fas, 
Ist &, v'’? = Bo Bi #0 ein beliebiges Wertsystem eines Gj-Feldes, und 
0 0 0 0 


ist Lv*|=Lo* BZ|40 ein beliebiger Punkt auf der dem Bivektor v 
0 0 0 0 
zugeordneten Gerade, so wird in der lokalen ‘{' von & der Tangen- 
0 


tialraum der lokalen Kt; im Punkte |v*| gebildet durch alle Pseudo- 
0 
vektoren von der Form |o* Z.\, wo die Z, die Formen (1.17) annul- 
0 
lieren, oder auch durch alle Vektoren von der Form |v’ Zi, wo die 


0 
Z die Formen (1.18) annullieren. 


Dieser Satz, der sich mit Hilfe einer Parameterdarstellung des Si-Feldes 
beweisen lasst, gibt eine Methode um tatsachlich die Zahl tzu berechnen, 
und eine ll fiir die Variablen &, v"*, v? zu bestimmen, in welcher jede 
Rt, t dimensional ist, und keine Singularitaten enthalt. Jedem Wertsystem 
&, v¥*0, v? 0 wo &, v"* ein Wertsystem des Feldes ist, und Lv’ 
ein Punkt auf der Gerade von Lv“*J, asst sich namlich eine Zahl 7 


: x 
zuordnen: die Dimension des linearen Raumes der Punkte Lv’ Z|, wo 


ri 3 : 

Z den Gleichungen F,,.v'“ Zi =0 geniigt. ¢ ist der maximale Wert 

von't. Ist &, v"*, v® ein solches Wertsystem, dessen 1 den maximalen 
0 


, 


0 0 


Wert f hat, so gibt es eine ll (&, v*, v*) mit den gewiinschten Eigen- 
Petgure 


schaften. 
Fir die Zahlen n, d und ft gilt folgende Ungleichung 
1+ $StSmin(d+in—1) ot Mae ehh) 


Die Betrachtungen dieses Paragraphen lassen sich auch fiir m-Vektoren, 


mit m > 2, aufstellen. 


Mathematics. — Sur des séries et des intégrales définies contenantes 
les fonctions de BESSEL. I. By J. G. RuTGERS. (Communicated 
by Prof. J. A. SCHOUTEN.) 


(Communicated at the meeting of March 29, 1941.) 


Nous avons déja trouvé la formule suivante '): 


Tes neat I, ( da 
Corns hcl ee (x—a) In +1 a ees 
nae: =f (a) (a) 
vy et o étant des nombres arbitraires, dont la partie réelle est plus grande 
gue — 1, ce que nous écrirons ainsi: R(v) >—1 et R(oe) >— 

Maintenant nous montrerons qu’on peut faire plusieurs applications de 
cette formule, qui conduisent aux résultats trés importants. 


§ 1. D’aprés les séries absolument convergentes 


2 z (1)" Tonsa ee) = sin x, » éon(—1)" lon (x) = cos x, by fon bon() a 
n=0 


n= n=0 
(ot 22, =2 pour n>0 et 1), et les suivantes qu'on peut déduire 


as ee = . 
des derniéres: 22 nI4n (x)= cos? x et 2 XS Igng2(x)=sin?ix, nous 
i= n=0 


posons d'abord dans (a)y=2n-+1; aprés la multiplication des deux 


membres par 2(—1)"(0 +1) et la sommation sur n de 0 a © nous 
trouvons: 


2 2 (—1)" Ie+2n+2( y=e+0 | Io +1 (a) sin (x—a) td Rieke — baie 
Alors nous substituons dans (a) y — 
par é2n(—1)"(@ +1) resp. en (0 + 
on trouve les formules suivantes: 


2n et multiplions les deux membres 
1); aprés la sommation sur n de 0 ac 


2 font" les2nsil9)=(e+1) | To +1 (a) cos (x—a) oe R(e)>—1. .. (2) 
0 


2 £20 letansins (0 +1) fina’ R(o)>—1 . ; (3) 


a= 


Oo 


1) Nieuw Archief voor Wiskunde (2) VII, 1907, p. 404, (38) 
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Ensuite nous substituons dans (a)vy—=4n resp. y—=4n-+2 et multi- 


plions les deux membres par &2,(@ +1) resp. 2(0 +1); aprés la som- 
mation sur n de 0 a © on trouve: 
S en To +4n+1(*) =(e+ 1) | Io+1 (4) cos? 3 (x—a i R (0) > . (4) 


0 


= 


2 3 To+ines (x) =(o + ae (a) sin 24 (x—a) = R(e) >—1 (65) 


0 


Aprés la multiplication des deux membres de (2) par sin x resp. cos x 
et ceux de (1) par cos x resp. sin x, nous trouvons aprés la soustraction 
resp. l'addition des membres correspondants: 


A Dy (—1)" § sin x In+2n+1 (x) — cos x Ip +2n+ 2 (x) } — ee 
— sin x Io +1 3) = +0) { fons ( a) sin a, Rio) i oS 


0 


Z 55 .=1)" $cos x Ip+an+i(x x) == sin x Io42n+2(x, 
n=0 


x 


a 
— cos x Ip+1 (x) =(e + 1) f ten (a) cos a oak <3 )|,. 


0 


Des séries indiquées aux commencement on peut déduire, pour m 
entier positif ou nulle, les suivantes: 


m—-1 


2 > (1) bm song (9) = (1) {sin x —2 FS (—1)" haa (ain 3 0) 
n=0 n=0 


2 3 (—1)" Laman (x) = (—1)™ tcos x + Io ()—2 2 (-1)" Tan (x)},_ (c) 
n=0 n= 


m—1 
a eee ya) — 2 She « . .1- @) 
n=0 n=0 s 
m—1 
SS oe lousan () = cose x Ly (x) — 2 ip (x) et eee) 
n=0 n=0 
m-—1 
Oe tee) sin x2 Sling). ~ - > Y) 
n=0 im , 


Alors nous trouvons en substituant dans (1) e=2m—I1 resp. o=2m— 2 
dans (2) 90—=2m resp. o=2m—1, dans (3) o=—2m—1, dans (4) 
—4m—1 resp. g=4m-+1, dans (5) o=4m— 3 resp. o=am-- ls 
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x 


[Tom sin 2a da _ (CM? | sin x2 5 (lt onarlalt, WSO CB) 


ie Ya aa n=0 
0 


if Iam-a(a) sin(e—0) = too + Jo(x)—2 5 (1) Leal >0 (9) 


> ~da_ (—1)"™, mt Domai (x) = | 
| lo m+ (a) cos (x—a) es = al { sin x—2 2, (1)? lens (x)$ — Tee .m=0 (10 
0 


wa 2m 


2 ee m m—1 A 
| Lom (a) ee ce Dee lepesiieh (=e 3-1 baal) — 2, m>0 (11) 
0 


5 


: Horgan ml 
| lam (a) Wee sehr, WEA PS. 46 (By pm » Lon (x) —lom (x)t, m Se (12) 


2m n=0 
n 
da 1 Wee 
Is m(a) cos’ ¥ (x—a)~ = cos’ x + Io (x) —2 J Ian(x)—Iam(x)}, m>0 (13) 
n=0 


0 


x 


| I4m+2(a) cos? 4 (x—a) da 
0 


1 
a 4m+2 


m—1 
{ sin? 4 x—2 2 Fansa(*)—Tams2(9)}, m=0 (14) 


3.6 


{ I, m—2 (a) sin? + (x—a) ag 


a 


1 m-1 
Se {cos*$x+Iy () 522i aa m>0 (15) 


« 


a Fr d m—1 
[Bento sin? 4 (x—a) = t {sin? +x—2 2) Tenadx)}, m>O0 < ATG) 
a 4m n=0 ; 
0 


En remplagant dans (10) et (14) m par m— 1, on obtient: 


m—2 


me da (4 m o 
J Fam-1(4) cos (a) O85" 425 (—1)" Fans (2) —sin x} ae 


da 1 2 
| fmol cos? + (x: a) — hs Se) }sin?4.x—2 oy Ts n+2(x)—I4m—2(x)}, m>0. (14’) 
n=0 


Aprés la multiplication des deux membres de (10’) par sin x resp. 


cos x et ceux de (9) par cos x resp. sin x on trouve par soustraction 
resp. addition des membres correspondants: 


. || m 
= ( ees | cos xl x)—1-++2 es ee ein colin cit x)—cos x Inny2(x me ee 
sin'x Iona 1 ( = al \ 
. 2m—1 See 
tl m m—2 

n-1(a) cos a = ) 2 D> (—1)" $cos x longi (x) + sin x Tonio (x)} —sin x Ip (x le a 

m—1 n=0 : 
( 
‘ cos x Izm—1 (x) 1( x) oe 
4 2m—1 es 


En faisant de méme 4a l’égard de (11) et (8) on obtient: 


fret ee ce | sin x Ig (x)— 2"5 {sin xhon( sconce tal |} 
a 2m n=O (19) 
; no) 


sin Xb x) 
2m 


2m 


Hlem(2) ae ae [! + cos x Iy(x)—2 z {cos x Inn(x) + sin x Iennilo) |— | 
7 ‘i saa (20) 


__ c08 <Jam(x) 0 | 
2m 
En substituant dans (8) jusqu’a (20) m=1 on trouve les formules 
5; particuliéres: 
: : da 
. [sin a) Fah (2) —Fsia x, et eed 
0 
> : da 
fA (a) sin (x—a) —-= Ip (COS Xig  4t a Ae) 
0 
da } 
fi (a) cos (x—a) 22 —=sinx— h(a), . . + » (23) 
0 
: : 
; [ (0) cos bea) =F { I, (x) — In (%)—cosx},- - (24) 
0 
x 
frogs Pera o@y: : . . ..25) 
0 


——— Oe? 
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Jutoes cos? § (x—a) 4" = 4 feos? $ x— Io (x) — Ia a)}, 


{ “Th (a) cos? $(x—a) 9 = § | sin? $ xT, (x), 
0 


x 


{ I, (a) sin? § (xa) © = § cos? 4 x—Ip (2), 


e 


fu (a) sin? 4 (x—a) ee =1}sin?4x—21,(x)}, . 


0 


fr (a) sin a - = 1—cos x I, (x)— sin x I, (x), . 


0 


ft (a) cosa 2 = sin x Ip (x)—cos x I, (x), - 


x 


(26) 


(27) 


(28) 


(29) 


(30) 


(31) 


ft (a) sina“ = 4 {sin x Ip (x) —2 cos x I, (x)—sin x I(x}. (32) 


0 


x 


ft (a) cosa ss $41 -+ cos x Ip (x) + 2 sin x I, (x)—cos x h(x)}.. (33) 
0 
Enfin la substitution 9 = — 4 dans (1) jusqu’a (7) nous donne, d’aprés 
I (x) = ee sin x, les formules particuliéres: 
mx ; 
2 2C1F donee (Xe we || sin (x—a) sina ; oe mau (34) 
0 
c) 1 . 
Zon Basil) = T= | costed sina OE, (35) 
0 
1 an ada 
2 €2n L n 1 ( ie 
2n don43 (x)= Vaz) ae (36) 


7 le 
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Dar, lane (ol = a [cos y (x—a) sin a Ge ; Ae le (37) 
n=0 [Y2x, a Ya 
0 
1 ma 
ss oe da 
i BX ——— ——— 21 C— 99/6) 
2 4n+3 (x) wa | sin? 4 (x Benen se TS. (38) 


pS (—1)"{sin lane (x) cos. Ions (2)}— |/ 2 sin? x= = | sin? sce 
n=0 EX r ea 


yan ala 
0 
2S (—1)" {cos x Ion +3 (x) + sin x Ions 3(x)}— < Jie ee a [onze 
io ' [2ax 222 al“a 
‘ 0 


jee ie Ace 


§ 2. Eu égard aux séries 
2 2 (1p Tone (xe sin x et 2 > Tine? (X) = sin?4 x. 
(yee n=0 


nous substituons dans (a2)9—2n resp. o=4n-+1, et ensuite nous 
multiplions les deux membres par 2(—1)" resp. 2; aprés la sommation 
sur n de O a © nous trouvons: 


2 $ beans = fh (x—a ) sina %, R(v)>—1 . (41) 


Daa y+ 4n42 ( ml ee ) sin? ga M, R(») > =. (42) 


De celles-ci suivent pour »—— } et »=4, d’aprés J; ( ee cos x 


e L(x) = Vz sin x, les formules particuliéres: 


Se a peat (x)= i fos x—a) sin a yee BD, 
say) a = 
» 2 aa Ln +2 ( eye fin sin (x—a ) sina Wes : (44) 


oo da 
Peers yp diats (x)= 2 2 fw (x—a) sin? $a Apa AG EY 


(39) 


(40) 
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es in > 
2 ak ‘si Tan +s ( »=|/2 J sin (x—a) sin? 44 eee . (46) 


Multiplions les deux membres de (43) et (44) par sinx resp. cos x et 
ceux de (45) et (46) par cosx resp. sin x, alors nous trouvons par 
soustraction resp. addition des membres correspondants de chaque pair: 


2 eS ( mal { sin x Inn+4(x)—cos x Ion+3 (x. y=)? fi a ——=— —— (47) 
2 $= na 1 100s x Tans (x Mitel, ae | sin20 cam (48) 
=0 [2a alY x—a 
© 1 : , /9 * 
omc) § sin x In 4+3(x)—cos Xlans3(x)}= VJ sinasin? yao, (49) 
0 
2nd {cos x Tans s(x) + sin xlin+s (x) ele J coset ee ea (50) 


Enfin la substitution »=0 dans (41) et (42) donne les formules parti- 
culiéres: 


(rae 
J, Ink Patil 


wes | oa - + os Ry 


1 d 
oy In pl 18242) =f x—a) sin oe ee 6 (52) 


§ 3. Eu égard a la série connue !); 


2-1)" (0 2n et) Tosans1 (x) =F Io(x) . a ae 


nS 


nous remplagons dans (a)@ par 0 +2n et ensuite nous multiplions les 


deux membres par 2 (— 1)" ( 
eo+t2n+1); a 1 
0 a © nous trouvons: ); aprés la sommation sur n os 


23 (1) Ireesznsilx) = 4k I, (x—a) I, (a) da, pace - (53) 
0 ao 


1 
) NIELSEN, Handbuch der Theorie der Cylinderfunktionen 1904, p. 270 (3) 


Brel 


ou en substituant vy = u—o—1: 
22 (-1" Tu +2n (x) = fle (x—a) Ip(a)da, R(u) > R(o) > —1. (54) 
0 


Comme des formules particuliéres suivent de (54) pour e=—+# et 
e= 4: 


@ A 1 = 
2 (-1) Insanla)= r= [ laa ea) cosa 
, 0 


: = Rw >—4 (5) 


@ 1 > a 
BOS Teter k -1 (a) sin a Rw) >4 (56) 


ou en remplagant dans (56) uw par u+1: 


n 


E (-1)" Insane w= fae ecalisin.c ma Ri) >—4. (56!) 
0 


Particuliérement la substitution de u—+4 dans (54) et (55), etde u—3 
dans (54) et (56) donne: 


x 


Sy hans = 4 if L-9-4(x—a) Ip(a) da= 
, : (57) 
ae ee 4>Re)>-—F 
3 (Ay hn) =4 f 1-044 (x—a) I,(a) da= 
: : (58) 
= ag | lea) sin a $>R(e) >—4 


0 


En multipliant les deux membres de (55) par sin x resp. cos x et ceux 
de (56’) par cos x resp. sin x on trouve par soustraction resp. addition 


des membres correspondants: 
x 


D (=1)"{ sin x Iu +20 2) — cos xn +2n+1(%)} 7g | fe-sle) sine yo R(w>—F 
0 

. 5 1 : da 1 

(—1)" § cos x Iu +2n(x) + sin xIu+2n+1(x)} = 5 | tea(a)eos Seow) 

0 [2x x—a 


0 


Proc. Ned. Akad. v. Wetensch., Amsterdam, Vol. XLIV, 1941. 3] 


(59) 


(60) 
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desquelles suivent pour 4 —0 et u=1 les formules particuliéres: 


: 1 (sin2ad 
Re aL a ane ito 2)) 1 2. ae (61) 


=0 


= 


$ 21)" | cos x Ian (x) + sin x Ianss (4) } = 


s (—1)" { sin x Tonys (x) — cos x Ions42 (x) } = 1 aoe , (63) 
n=0 a(x —«) 
3 (—1)" { cos x Langs (x) + sin x Tania (x)} = . Se = yey 


Aprés addition resp. soustraction des membres correspondants de (61) 
et (64) resp. (62) et (63) on trouve: 


J es =asinxIp(x) . . . . + - (65) 
cos has 
) Valx—a) =acosxIp(x),. . . . +. + (66) 


\ 


par conséquent: 


x 
* cos*ada 


J Vat Vana 2 | tos x do(x)}. <p OT 
RREIEI OS ata I 
ie = 00S X15 ()} oO oe ee 


Alors (61) jusqu’a (64) se réduisent a: 


2 (At sin x ban (x)— cos x Danas (x)= | 
(69) 


& (—1)" {cos x Innyi (x) + sin x Inn42(x)}=4 sin x Ip (x), \ 
2" | cos x Inn (x) + sin x Innyi (x) } = 441 + cos x Iq (x)}, (70) 


pa Teas { sin x Tonsi(x)— cos x Inny2 (x) $= 4$1—cos xIy(x)}. (71) 
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En posant dans (54), (55) et (56’) successivement u=2m-+1 et 
{&=2m (m entier positif ou nulle) on trouve, d’ aprés les séries (b) et (c) 
et aprés changement des deux membres: 


[x 
ppt 


Ty m—o(x—a) Ip (a)da=(—1)"$ sin x— 2 esi (—1)" lonsi(x)},2m+1>R(0)>—1 (72) 


{ Tam-o-1(x—a) Ip(a)d a=(—1)" }cosx-+Ip(x)—2'S (—1)" Ion (x)},2m>R(o)>—1 (73) 


n=0 


| loam +3(x—a) cosa ee =(— yn / } sin x—2 > (C1 lon+1(x)}, m=O (74) 


. a=)" | Fteosx+Iolx)—2'S (—1)"an()h, m=0 (75) 


Paste )sina S = (—1)" Vz {1p (x)—cos x—2 Sy (anya ae )}, m=0 (76) 


m—1 
—(—1)™ = {sinx—2 ¥ (—1)"Iansi(x)}, m=O. (77) 


a 


lom—1(x—a) sin a —= 
J Ks 


Multiplions les deux membres de (74) par sin x resp. cos x et ceux 
_ de (76) par cos x resp. sin x, nous trouvons par soustraction resp. addition 
des membres correspondants: 


° d 
[toms (a) sina pre =— 
0 


aoe m—1 
—1)m 5 E —cosxI,(x)+ 22 (— 1)" §cos x lon42(x)—sin x lon4i(x)}, m=O 


[tans (a) cos a ue = 
0 


Pee it 

—{)m /z sin xIy(x)—2 (— 1)? { sin x Tons2(x)+ cos x lonyi (x)}, m=O. 
n=0 

ate 


—— —— 
= 
Ni 
00 
— 


I 
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En faisant de méme a l'égard de (75) et (77) on obtient: 


jepes 0 
i Ie ae (80) 
==(— 1)" 1/2 | sinxoo+23 2 (—1)" {cos x fan+1 (x) — sin x Ton (x x)}, m=O 
> da 
Tom—4 (@) cos a = 
J See . Gl) 


—1)" yz E +cosxIy ()—-2'5 (- 1)" sin x Ton41(x)+c08 xan (x)}, m=0. 


La substitution m==0 dans (72) jusqu’a (77) donne les formules 
particuliéres : 
x 


fte—0) Le (0) da = sin i SR (e) See 


0 


{ I, (e—2) L-¢-s (a) da=cosx+ I(x), O>R(Q)>—1. (83) 


da 


f sin (x—a) cos a Fas =a il cos (x—a) sina ae) = 5 sin x, (84) 


0 


x 
. 


J cos (x—a) cos a Was * 615 (x) +cosx}, . . (85) 
{I sin (x—a) sin a Rae ma 5 to (x)—cosx}.. . . (86) 


La soustraction des deux premiers membres de (84) et la sommation 
des membres correspondants de (85) et (86) donne: 


earn (x—2 a) da os 


ay oO ete PaO 


cos (x—2a) da _ 


VASE =z Ip (x).: 22a (88) 


La substitution m=O dans (78) jusqu’a (81) donne des résultats déja 
connus, nommément (68), (65) et (67). 


Chemistry. 


Ion Activities in Suspensions (Preliminary note). By R. 


Loosjes and A. C. SCHUFFELEN. (Communicated BVar tor Tle aw 


KRUYT. ) 


(Communicated at the meeting of March 29, 1941.) 


It is of great interest to theoretical as well as practical chemistry that 
activities of ions bound to substances in colloidal dispersion be known: 
to theoretical chemistry, because the attracting forces of the colloidal surface 
can be calculated from the activities; to practical chemistry, because the 
influence of ions on numerous processes is a function of their activity. 
First of all we think of the hydrogen ion activity (pH) in which many a 
branch of science and technics is deeply interested. For example, one of 
the first determinations carried out during an investigation in fertility of 
a soil (containing colloidal clay and humus) being that of pH. However, 
it is known that other ions are also influencing plant growth and there is 
a possibility of the direct influence of these ions on plant growth being 
determined by their activities. But first of all, before we can test this sup- 
position the activities of Ca’, Mg’, K’, Na’, NH, NO3, PO,’ etc. are to be 
known. This is one example out of many others showing that it is desirable 
to know the activities of all ions in a suspension. In our case it was the 
very stimulation to make a research after a practical method of determining 
the activities of all these ions. . 

One could ask if the simplest way would not be to make a centrifugate 
or an ultrafiltrate and to determine concentrations of the requested ions 
in the clear solution correcting with the activity coefficient. WIEGNER and 
PALLMANN (1) however extensively proved the hydrogen ion activity of a 
suspension to be different from the appertaining ultrafiltrate. The adsorbed 
ions too are active. For some colloids this fact was already known to 
workers in the field of the DONNAN membrane equilibrium (2). We are thus 
compelled to determine the activity of other ion species also in suspension. 

The electrometric method is certainly the best one. A specific electrode 
for every ion species is needed. Though for hydrogen and a few other ions 
there being a useful electrode at hand, yet their is none for the alkaline 
and earthalkaline metals. An exception may be made for the calcium elec- 


trodes of TENDELOO (3). 
Beside the electrometric method there is the colorimetric one. This is 


only useful in clear solutions. 

There are some semiquantitative methods for determining ion activity 
(or, as it is called in soil science: mobility or availability): the fractionation 
of ions by electrodialysis or exchange. Perhaps the determination by the 
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reactions of an organism (plant or fungus) belongs to this class,.but this 
is still to be proved. By these methods the activity is determined only 
approximately, for the measured quantities are correlating with the activity 
in a way not yet known. 

Now there is an indirect method of determining ion activities based on 
the second law of thermodynamics. From the investigations of WIEGNER 
and PALLMANN and many others we know there is a difference in pH. 
between suspension and equilibrium solution (clear solution in equilibrium 
with the suspension). For a system in thermodynamical equilibrium we 
know that if the activity of an ion species is ditferent at two different 
points there must be an electrical potential difference between these points 
(other variables such as temperature and pressure being the same). 
According to a well-known relation we may write: 


RT Aj solution 
E=+ nE In 


apeiepeneias (1) 
(+ and — for positive and negative ions respectively). 

E means the electrical potential difference, R the gas constant, T the 
absolute temperature, a; the activity of the ion species i, n the valence of 
ions i and FE is 96500 Coulombs. This equation holds for every ion species 
present. a solution Can be determined by a quantitative analysis of the equili- 
brium solution correcting if necessary with the activity coefficient. E can be 
determined by introducing saturated-KCl calomel electrodes in solution 
and suspension. Now, 4j suspension is calculated by means of equation I. 
This method was tested by some workers (4) on the DONNAN membrane 
equilibrium, which is a special case of unequal ionic distribution (see 
BoLaM (5)). 

The direct determination of E which would require a special apparatus 
is not necessary. For, if a; solution/@i suspension is determined electrometrically 
for one ion species this quantity is known for every ion species present, 
E being of course the same in all cases. As the electrometrically deter- 
minable ion the hydrogen ion is very useful since it is present in all aqueous © 
solutions. In this case we can use an equation derived from I: 


Dolce aoe pHgo. —= PL susp. — PH sa. _Pli’so. = pl'susp. aS. PL'susp. 


(II) 


where I’ is a symbol for some cation and |’ for some anion. This relation ~ - 
has been tested for anions only by some investigators on the DONNAN 
membrane equilibrium (6). They found it to be true. 

We have used this formula II in determining activities of cations in a 
suspension. The procedure to be followed is very simple: a colloid is shaken 
with a quantity of water until equilibrium is attained. Next the equilibrium 
solution is separated in some way from the colloidal material, the pH’s in 
both the colloidal suspension and the equilibrium solution are determined 


= 


3s 3 ” 
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in the usual way, and the equilibrium solution is analysed. In most cases 
the equilibrium solution being dilute the concentration found may be put 
equal to the activity. For the use we wanted to make (see later) of the 
activities an accuracy of + 0.1 “pH unity” is sufficient. Thus, activity 
coefficients down to 0.9 may be safely neglected. Otherwise these may be 
calculated with the aid of formulae available (7). With the aid of 
formula II ply. .pensionis then to be calculated from the determined quantities. 

Our experiments were carried out with the colloidal material called 
“Dusarit” (8). This is a sulfuric acid treated charcoal with a very high 
cation exchange capacity (+ 2 mg aeq/g). Nevertheless its suspensions 
are so coarse that they are sedimenting within a short interval. We have 
chosen this material, being familiar with it because it is used in our labo- 
ratory as an artificial soil colloid for plant growth experiments (9). In 
connexion with these experiments we wanted to know the activity of the 
different ions. 

First of all we had to test the usefulness of the method. Now silver is 
an ion that is readily determined electrometrically. By means of this ion a 
check of the activities found by our method is possible. We wanted to know 
the usefulness under different circumstances and so we carried out the 
following experiments. 

1. By percolation with salt or acid solutions we prepared Ag and H- 
dusarits (that is: dusarit with Ag or H adsorbed). Attention is called to 
the fact, that the Ag-dusarits also contain H-ions. The dusarits were 
thoroughly washed with water to free them from electrolytes and dried. 
Different mixtures of dry Ag and H-dusarits were weighed out in portions 
of 5 g in total. These were mixed with 200 cm3 0.001 n NaNOs solution, 
well shaken and put away. From time to time the suspensions were shaken 
again. NaNOsz solution was used instead of pure water as we wanted 
to have a well defined quantity of anions in the equilibrium solution. After 
at least one night the supernatant liquid is decanted and filtered by suction 
through dry Jena IG4 glass filters to remove small floating particles. 
100 cm? of this solution was analysed quantitatively. As the quantities 
to be analysed were small, we had to make use of a micromethod. Now, 
we had a quantitative flame spectrograph at hand and, as one of us 
recently proved (10), this apparatus yields sufficiently accurate results. 
So we spectrographed all our solutions. In a sample of the solution pH 
was determined by the glass electrode (with a Coleman 3D electrometer). 
Moreover pAg was determined electrometrically in this sample as a control 
on the spectrographical analysis. In the appertaining suspension, or better, 
in the sedimented mass pH and pAg were determined again. For measure- 
ments of pAg an Ag-Agl-electrode (electrolytically prepared) was used. 
This electrode is giving accurate results down to concentrations of 10~4 n 
without previously saturating with Agl, as we tested with AgNOsz solutions 
of known activity (activity coefficients of Mac INNEs and BROWN (11)); 
However, the Ag-Agl-electrode produced deviations unexplicated until 
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now after use in suspensions, when tested afterwards. Hereby deviations 
of 0.2 “‘pAg-unity” are possible. Reference electrode for Ag-Agl-electrode 
as well as glass electrode was a saturated-KCl calomel electrode, connexion 
between the two half elements being made by a 1.7 n KNO3 and 
0.3 n NaNOsg agar bridge. 

In table 1 results of these measurements and calculations are presented. 
A sufficient agreement between measured and calculated activities of silver 
is to be seen. It is remarkable that the activities of silver are of the same 
or smaller order than those of hydrogen. When calculating activity coeffi- 
cients from these informations, the concentration of the Ag-ions in the 
suspension should be known. Now, concentration in a sedimented sus- 
pension is a rather difficult thing to determine. We have therefore adopted 
as a measure for the activity coefficient the quotient: 


____ activity 

~ mg aeq Ag 
g dusarit 

TABLE 1. 


5 g Dusarit + 200 cm? 0,001 n NaNQsz solution. 


Equilibrium solution Sedimented suspension 


Computed from: 


mg aeq| Observed | Observed | Observed 


Num- spectro- electro- electro- | Spectro- | Electro- Spectro- 
ber graphically | metrically | metrically graphical | metrical graphical 
data data data 


pNa | pAg| pAg| pH | pH pNa 


pAg | pAg 


es 


1 IB Bee, | 3 Vela alse 6 ol 47 
7 E955) 35901 325. )05.3 1 6 8 110 
2 28991 420 Wa s29"3..34) 2s at of) 69 
12 Ueto I RUE VE Ie Fee ss RY lc Ya -8 | 2.0 Pe 66 
8 0765163. 9eles Ac 335 4) saa b2.0 the 87 
3 OL6F-84 409 34493567) Dh 2a 2.2 esl ere og 2h 62 
9 0.57 14.0} 3.6 |'3.8 1} 2, Du Zoe haath 2.6 fs 74 
13 0.50 | — | 3.61] 3.6 | 2. =O} 25352 orl eee Deo = 
& O44 415956 13 7 [e224 4290) Boe cei 9248, 255 9 31 
10 O98 154.0 13.8'| 3.9 12.61 1.2.) 9.6 Zot 226 PLS) 10 63 
5 UBF EAS, Fc PAT ot ee. Dit 2 | 2295 22840400 3.0 7 28 
li 0.19 | 4.1 |} 4.4 | 4.2 5 ed pede 3.2 229 3.0 3 34 
14 | OSL eae | ae 2 aes OMS 3oy |e Be | Sys: ajel0 4 8 
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The denominator is linearly proportional to the concentration provided 
the packing of the sedimented suspension is always equally tight. If this 
condition is fulfilled (it need not always be so), then the quotient will be 
linearly proportional to the activity coefficient. In table 1 this quotient A 
for Ag and Na is also presented. The error of A is + 20%. There is a 
distinct increase of A at increasing Ag concentrations. The values of 
Aag are much lower than those of Ay,, indicating a stronger binding 
force for Ag-ions than for Na-ions, 


2. Determinations were also carried out under more complicated cir- 
cumstances. Mixtures of Ag, Na and H-dusarits were made, the quantity 
of Ag being constant, the ratio of adsorbed Na and H changing, thus 
lowering the H-concentration at constant Ag-concentration. The Na-dusarit 
was prepared in the same way as the Ag-dusarit. In table 2 results are 
given. Of course, pNa cannot be checked. It is seen that changing the 
Na/H ratio has a great influence on the activity of the Ag-ions. 


TABLE 2. 
5 g Dusarit + 200 cm? 0.001 n NaNOg solution. 


Equilibrium solution Sedimented suspension 


Computed from: 
mg aeq|mg aeq| Observed | Observed Observed 


Num-|Ag pro|Na pro| spectro- electro- | electro- Spectro- [Electro- Spectro- 
ber | gram | gram graphically | metrically | metrically graphical sek ns ace 
dusarit | dusarit 7 A 
pAg|pNa) pAg sie s<108 
20 OF19 Bee 6602584) 458. 15-41 6.5 Beoieleo |e meted 2 21 
21 OM9S Piezsie2.0:| 4-5 | 4,5'1-4-8 Bese Olle sah 3 19 
22 0.19 | 0.83 | 2.8 |4.1 | 4.7) 3-3| 2.1/°3.1/2.9)1-6| 3.5 6 32 
23 Origa Ort? 1 3.2 14.0-) 4.2) 2.81-1.5) 2.9] 2.7) 1.7) 2:9 12 42 
24 | 0.19 Seales ON Ane \e 2s) 11 )2.9 /on ei Porno ||  Parte} 15 118 


3, In mixtures of Ag, Ca and H-dusarits activities were determined, 
the quantity of Ag-dusarit being constant, the ratio of adsorbed Ca and 
H changing. This experiment is of particular interest to soil science as 
in soils the ratio of adsorbed Ca and H is one of the mightiest factors 
governing plant growth. The Ca-dusarit was prepared in the same way 
as the Ag-dusarit. In table 3 results of these experiments are presented. 
In calculating pCa we must pay attention to the fact that n= 2. The 
maximum to be seen in the values of Aa, (or the minimum in pAg) and 
in a slighter degree in Ana and Ac, may be very significant for the plant 


growth in soil. 
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TABLE 3. 


5 g Dusarit + 200 cm* 0.001 n NaNOsz solution. 


; 


Equilibrium solution 


Sedimented suspension 


On 4 | Computed from: 

serve 

electro- Spectro- Electro-| Spe 
: graphical metrical graphica 

pala data data data 


SON ss oalos 


mg aeq|mg aeq Observed Observed 
Num- | Ag pro|Ca pro spectro- electro- 

ber | gram | gram graphically | metrically 

dusarit | dusarit 

pNa|pCa|pAg] pAg| pH_| 

ey Fy, 7222 B52 Stall || ahseh || eee! 
ia Ovee eee 4) |3521 5-03.53) O29 | Sat 
ie eO.22 080.650) 3.4 a aoe S| a 
18. }) 0522190241. 1328'15.5 1328 14.0 02.6 
19 | 0.22 Se ae 4 OR eZ 


3.4 | 2.8 | 2.8)2.7 12.6) 3.0 8 115 
2.0] 2.6 | 2.5| 2.5 24 9228 16 129 
3 [3) {I 97258, 2.8 | 2.8 3.51 3.0 8 49 
PO 0522 1 SCO nS. cae 5.3 5 18 


pAg 


pNa| pCa 


S) | Pots 


4. Though a perceptible influence of the small quantity of ions given 
off to the solutions on the p’s found, was not probable, some experiments 
were carried out to confirm this supposition. Several portions of two diffe- 
rent Ag and H-dusarit mixtures were mixed with a constant quantity of 
NaNOs solved in changing quantities of water. pAg and pNa were deter- 
mined in the usual ways. Results are given in table 4. Dilution is not 
reflected in the values found. 


TABLE 4, 


5 g Dusarit + 200 cm® 0.001 n NaNOsz: solution + a cm® water. 


mg aeg 
Num- | Ag pro 
ber | gram 


dusarit 


25 0.17 
26 0.17 
27 0.17 
28 0.34 
299) 0534 


| Observed 


This : 
Equilibrium solution 


Sedimented suspension 


spectro- 


Observed 
electro- 
graphically | metrically 


Observed 
electro- 


metrically ae ee 


Computed from: 


Spectro- |Electro-} Spectro- 
metrical! graphical 
ata data data 


pNa | pAg| pAg 


BRC) ord te) 
4S \) 4234-4 
AA tea 4 3 
SOOM Se 4a) 

a geil to 


eos 


PH | pH |pAg 
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29/15) 304 
PRM) IA WEG |e S35) 


ZO LEDS 


2.9 ae 


pAg|pNa 


3. spose Gad | 5 | 44 
31) oerie sae 5 tes 
3.1 2.0) sed 5 | 36 
2,8 a8 Oluesas 32 
2.8/3.1] 3.0 5 | 20 


zy For substances that are not separated from their equilibrium solution 
as easily as dusarit, an other method has been tried. In this case mixtures 
of dusarits were dialysed in little collodion bags closed with a paraffined 
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cork, against the 200 cm? 0.001 n NaNOs solution, by rotating solutions 
and bags in a 300 cm? Jena wide-mouth flask during 32 hours. All treat- 
ments were performed in the dark or in red light in order to prevent 
reduction of silver in the presence of collodion. Results are presented in 
table 5 showing a satisfactory agreement between pAg measured directly 
and indirectly. 


TABLE 5. 
5 g Dusarit + 200 cm* 0.001 n NaNO3 solution. 


Equilibrium solution Sedimented suspension 


mg aeq Observed | Observed | Observed Lae rad 


Num- |Ag pro| spectro- electro- electro- Spectro- | Electro- Spectro- 


ber | gram | graphically | metrically metrically graphical | metrical | graphical 
data data data 
dusarit 
Ang Ana 


pNa| pAg| pAg| pH | pH | pAg} pAg| pNa| pAg 


At the end of this article it is tempting to draw further conclusions 
from the results presented. However, we are desisting from it in view of 
the still small number of experiments performed. We only wanted to 
point at this useful method for the determination of ion activity in sus- 
pensions and to show its rightness, just indicating the influence of the 
different cation species on each other's activity. 


Summary. 


A simple procedure is given according to which it is possible to determine 
activities in suspension of ions not measureable with a specific electrode. 
The method was tested under different circumstances by determining the 
silver ion activity also electrometrically. Results were satisfactory. The 
method was applied to the determination of calcium and sodium ion acti- 
vity. Experiments are demonstrating the influence of the different ions on 
the activities and the “activity coefficients” of each other. “Dusarit” was 
used as colloidal material. 

The authors wish to express their thanks to Prof, Ir J. Hupic for giving 
them the opportunity to work out the above-mentioned method, to Prof. 
Dr H. R. KruyT for his valuable criticism and Mr J. P. VISSER for his 
assistance with the analyses. 

Wageningen, Laboratory for Agricultural Chemistry 
of the Agricultural College. 
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Comparative Physiology. — On the Life-History of Ammophila campestris 
Jur. By G. P. BaERENDS. (Communicated by Prof. H. J. JORDAN.) 


(Communicated at the meeting of March 29, 1941.) 


The reproductive activities of the females of Ammophila campestris a 
digger wasp belonging to the Sphecidae, consists of coition, digging one 
cell nests, and capturing and paralysing caterpillars (and occasionally 
larva of Tenthredinidae), which they store in the nests as food for the 
larva. Observations made by ADLERZ (1903, 1909) in Sweden and by 
CREVECOEUR (1932) in Belgium have shown that campestris does not store 
all caterpillars before the hatching of the egg, as digger wasps usually do, 
but that she brings only one caterpillar before, and the rest after the larva 
has hatched. Moreover, some of ADLERZ’ observations seem to suggest 
that campestris might, at least occasionally, be occupied with more than 
one nest at the same time. 

These peculiarities had never been observed before in any digger wasp. 
If ADLERz’ suggestion were right, it would imply such a highly organised 
behaviour as could hardly be expected in any insect. The wasp would have 
to remember the localities of her different nests, not only for a single day, 
but sometimes for nearly a fortnight, for, during the nights and bad weather 
periods, the wasps stay out in the heather and do not visit the nests. In 
the Dutch climate bad weather may continue for some weeks. 

In addition, there must be some regulatory system that guarantees an 
equal food distribution among the different nests; presumably the wasp 
can be stimulated somehow to start or to stop provisioning a certain nest. 

These questions induced me to make a closer study of the life-history 
of this species. 

To get an exact knowledge of the course of events of the wasp’s activities, 
it was in the first place necessary to observe individual wasps during a 
series of consecutive days. Individual identification of each wasp was 
possible by a system of coloured markings. 

Twenty wasps were continuously watched during about a fortnight each. 
My observations of these wasps cover the activities at the nesting places 
as completely as possible. I did not, however, follow them on their foraging 
and hunting excursions in the heather. As I could be sure, however, that 
none of the marked wasps had a nest outside the observed area, I can 
assume that none of their nesting activities escaped my attention. 

Here follows a brief account of the most important results of these 


observations. 
During the first bright days in June the males leave the cocoons. The 
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females appear some days later. Mating takes place within a few hours 
after the female has hatched. Shortly after coition the female begins to dig 
her first nest (nest A). As nesting sites flat, sandy areas with a compact 
soil are selected. The nest consists of a vertical shaft about 2144 cm long 
and one elliptical cell about 2 cm in length. Having finished the nest, the 
shaft is temporarily closed by loosely filling it up with some clods, and 
the wasp then disappears into the heather. She usually returns within a 
few hours, carrying a paralysed caterpillar. She reopens the nest, carries 
the caterpillar down and lays an egg. Then she closes the nest with much 
more care than before. After she has finished, it is impossible for the human 
eye to distinguish the entrance from the surroundings. She now leaves 
nest A and it may be some days, before she provisions it again. 

Soon afterwards the wasp begins to dig a new nest (B). 

It appeared to be a general rule that once a nest was begun, the work at 
this nest was continued without interruption, until an egg was laid. 

The first series of activities, therefore, constituting the first stage of the 
care for every nest made, will be called the first phase. 

After completing the first phase of nest B, which takes her one or more 
days, dependent on the amount of sunshine, the wasp returns to nest A 
and, before fetching a caterpillar, opens the nest. After a brief visit, she 
closes it again and flies off to the heather. Such a visit, in which no cater- 
pillar is brought, will be called a ‘‘solitary visit”, in contrast to “provisioning 
visit”. As a rule the wasp, after this solitary visit brings one or more fresh 
caterpillars, before she leaves the nest alone for the second time. This 
phase I shall call, therefore, the second phase; it consists of a solitary visit 
followed by storing 1—3 caterpillars. Occasionally this phase consists of 
a solitary visit only, namely when the egg has not yet hatched at the time 
of this visit. 

After having finished this second phase in nest A, the wasp carries 
through the same phase in nest B. Now she again pays a solitary visit to 
nest A and there enters into the third and last phase, consisting of one 
or more solitary visits and the storeage of another 3—7 caterpillars. This 
phase is concluded by closing the nest in an especially careful manner, 
the wasp pressing down the contents of the shaft with her head, during 
which a loud humming sound can be heard. 

She now goes to nest B to accomplish the third phase here. After having 
finally closed this nest she begins to dig a new nest. 

As we see from the above 
phases. During every phase t 
exclusively, interrupting wor 
behalf, for hunting caterpill 
concerning another nest, 

Having finished one phase she 
an entire phase there. If there is 
a new nest. Occasionally 


» in each nest provisioning occurs in three 
he wasp is occupied with one particular nest 
k at the nest only for foraging on her own 
ars or for sleeping, but never for any work. 


goes to another nest and works through. 
no other nest to provide for, she makes. 
» In very favourable weather, the wasp, after: 
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having completed the second phase in nest A, digs a new nest C before 
beginning the second phase of nest B. In this way a wasp sometimes has 
three nests under her care. 

The second and the third phase always begin with a solitary visit; 
sometimes a phase consists of even no more than that one solitary visit. 
This may occur when the nest has been disturbed shortly before this visit, 
or, in the case of the second phase, when the egg has not yet hatched. 
This suggests that the solitary visit serves as an inspection, that is to say 
that the wasp during this visit receives stimuli from the contents of the 
cell which determine whether she will leave the nest alone or go and fetch 
fresh caterpillars. 

An experimental test of this hypothesis is possible on the following basis. 
If the solitary visit actually has a regulating function, it should be possible 
to influence the wasp’s subsequent behaviour by changing the contents of 
the nest just before the solitary visit. This could not be done in the real 
nests but it appeared that the wasps did not interrupt their provisioning 
activities, when I replaced their nests by artificial nests, provided certain 
precautions were taken. These nests were made of gypsum and consisted 
of a lower part, containing the cell, and a lid that could easely be lifted 
so that I could reach the cell and change its contents at will. 

I carried out the following experiments: 

1. Nests, which according to preceding observations, should be provi- 
sioned immediately after the solitary visit, were disturbed by removing the 
larva just before that visit. The result was that the nest was abandoned 
after the first solitary visit. 

2. In similar nests, I replaced the larva by a paralysed caterpillar with 
an Ammophila’s egg, taken from another nest. Now the wasp did not start 
provisioning immediately after the solitary visit (as she should have done), 
but she waited until the egg was hatched. 

3. Before the wasp paid her first solitary visit of the third phase to 
the nest I added some paralysed caterpillars to the contents of the nest. 
The result was that the wasp either stopped provisioning altogether, or 
at least brought less caterpillars than the smallest amount ever stored under 
normal conditions. 

4. In nests containing one caterpillar with an Ammophila’s egg, nests, 
‘therefore, that should not be provisioned immediately, I replaced the egg 
by a larva. In these cases the wasp brought fresh caterpillars soon after 
the solitary visit. 

5. Occasionally a wasp pays a solitary visit when the third phase is 
halfway concluded. A few times I succeeded in taking all caterpillars away 
just before the visit. Normally the wasps should have brought only a few 
more caterpillars, but now they again stored a considerable number of 
caterpillars, making the total amount of stored food larger than ever 
observed under normal conditions. 

The same experiments were carried out just before provisioning visits. 
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Under these circumstances the wasps did not react to any change in the 
contents of the cell. They even continued provisioning when the larva was 
removed together with the food. a 

These experiments conclusively show, therefore, that the solitary visit 
is a real inspection, during which the wasp learns how to act in the following 
hours or even days. a 

Apart from having a function as a regulatory principle, the solitary visit 
also demonstrates a most remarkable psychological fact: although the 
external stimulating situation is exactly the same at a solitary visit as at a 
provisioning visit, the wasp’s behaviour is profoundly influenced by it at 
the first occasion, whereas at the second occasion not the slightest influence 
can be traced. 

In one case, however, the contents of the nest does influence the wasp’s 
behaviour during a provisioning visit. When I put certain objects into the 
cell just before the wasp would pay her very first visit, during which she 
had to lay her egg, the wasp did react. If the object was a caterpillar with 
an Ammophila’s egg or a cocoon, the wasp pulled it out of the cell and 
threw it away. If it was a larva, she immediately brought in her caterpillar 
but failed to lay an egg. Often she even captured some more caterpillars 
and stored them, still postponing the laying of the egg. It appeared that 
the presence of a young larva stimulated the wasp to bring 1—3 caterpillars 
(corresponding with the second phase) and that an older larva stimulated 
the wasp to bring 3—7 caterpillars (corresponding with the third phase). 

Whereas, as we have seen, it is, the amount of food present at the 
solitary inspection visit which determines the wasp’s behaviour in the 
second and third phase, the wasp is stimulated at her first visit by the 
age of the larva. 

Now the two series of experiments that served to investigate the part 
played by the solitary visit revealed the regulatory system, at work within 
the second or the third phase. They did not answer the questions as to 
the factors that bring the wasp from one phase into the next phase in the 
same nest. 

Here the third series offers a suggestion. The age of the larva, which 
the wasp happens to find in her nest at her first visit, determines whether 
she will be brought into the second or into the third phase. This and other 
arguments, which cannot be treated in detail here, render it probable that 
the age of the larva has the same influence during the solitary visits. 

The following may be illustrated by the narrative of the activities of 
wasp GO (fig. 1). 

The wasp was marked shortly before she finished the third phase in 
nest A. After having closed this nest she 
As the egg had not yet hatched, 
a caterpillar and began to dig a 
a caterpillar and laid an egg in 
to B again where the larva had 


paid a solitary visit to nest B. 
she closed this nest again. without bringing 
new nest C. Next morning she brought in 
this nest. Then she paid a solitary visit 
just hatched. Provisioning, therefore, is 


487 


started (third phase) and is continued for 2 days. After she has finally 
closed nest B, the wasp pays a solitary visit to C. The egg in C has not 
yet hatched whereupon the wasp leaves C alone and starts digging (D). 
As this was begun at a late hour, nest D was not completed before the 
end of the day. Next morning the wasp brought a solitary visit in C 
nest D apparently being abandoned. In C, the larva has hatched and the 


in Gugust /9L40 


Days 


Names of the Nests 


aigging a nest 
faying an egg 
Solitary visi 
Provisioning visit 
Fe. Finally closed 
Fig. 1. Diagram of the activities of the wasp GO from August 6—14. All 
evidence about one nest is given in a vertical column at the top of which the 
condition of the brood on August 14 is given. 
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wasp brought one caterpillar. Then a new nest E was started, an egg was 
laid, whereupon, next day, the third phase in C is completed, which took 
2 days. Next morning a solitary visit was paid to nest E where the larva 
had hatched. As a consequence one caterpillar was brought soon after- 
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wards. After that the wasp again began a new nest which is not taken 
into account here, because of incompleteness of my observations. Next day 
the third phase in nest E was completed. 


Summary. 


1. Ammophila campestris Jur. is able to look after 2 or even 3 nests 
at the same time. 

2. The provisioning of each nest occurs in three phases, during each 
of which the wasp works at one nest exclusively. 

The first phase consists of digging the nest, capturing and storing the 
first caterpillar and laying an egg. During the second phase 1—3 cater- 
pillars are brought and during the third phase the wasp stores 3—7 cater- 
pillars. 

3. Both the second and the third phase begin with a solitary visit at 
which no caterpillar is brought. 

4. Experiments show that these solitary visits have the function of an 
inspection, that is to say the quantity of food present at a solitary visit 
determines the wasp’s subsequent provisioning behaviour, while absence 
of the larva causes the nest to be abandoned. During all provisioning visits 
except the first, the wasp is entirely insusceptible to the contents of the nest. 

The behaviour of this species reveales a highly developed psychological 
organisation. The wasp must have an excellent memory for the different 
nest sites and, in addition, must be able to react to stimuli, received during 


an inspection-visit, which has taken place several hours or even more than 
a day before. 
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Botany. On the development of the stellate form of the pith cells of 
Juncus species. 1. By R. A. Maas GEESTERANUS. (Communicated 
by Prof. G. vAN ITERSON.) 


(Communicated at the meeting of March 29, 1941.) 


Introduction. 


The remarkable stellate form of the pith cells in the so-called stem of 
Juncus species (the occurrence of such cells is by no means restricted to 
these plants) has attracted the attention of plant anatomists ever since 
TREVIRANUS (20). A survey of the principal literature of these remarkable 
star-shaped cells, which are different from most cells, are found in a very 
accurate study by F. T. Lewis (12) 1925. 

Theories have previously been advanced as to the causes leading to this 
shape. For them we refer to a survey in a publication by Miss L. M. 
Snow (17) 1914. For our further observations the conception of S. 
SCHWENDENER (16) is of importance, who as far back as 1874 maintained 
that the surrounding tissue grows more rapidly than the pith, thus stret- 
ching its cells; under this influence the cells grow out, according to 
SCHWENDENER, to radiating cell arms to the side of the places where they 
touch each other. Miss SNow adhered to this theory. 

Detailed observations about the origin of star-shaped pith cells have 
also been published by A. ZIMMERMANN (22) in 18931). This investigator 
thought that the development of stellate cells from the meristematic tissue 
of cells hexagonal on transverse section (in which there are only small 
intercellular spaces near the vertices of the cells) could be explained by the 
supposition that parts of the cell walls to the side of the points of attach- 
ment became plastic and by the stretching of those parts under the influence 
of the turgor pressure. At the same time new cell wall material was supposed 
to be deposited in those parts through intussusception. With this theory 
ZIMMERMANN remained in agreement with the “turgor growth theory” 
formulated by him. Meanwhile ZIMMERMANN remarks that it is also con- 
ceivable that the surrounding growing tissue stretches the stellate pith cells 
mechanically and that this is the cause of the stretching of the cell wall 
near the points of attachment (according to him the wall near the inter- 
cellulars is thinner than the rest of the cell wall). The actual growing out, 
however, would still be brought about by intussusception in the parts of 
the wall stretched mechanically. This second possibility is nothing but the 
theory of SCHWENDENER, which is not mentioned by ZIMMERMANN. 


1) This publication has escaped the notice of Miss SNOW and of LEWIS. 
cs 
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In his work “On growth and form” (1917) bD’'ARcy WENTWORTH 
THompson gave an explanation of the development of the star-shaped 
cells, which also agrees mainly with that of SCHWENDENER. Here D’ARCY 
THompsoN starts from the supposition, afterwards opposed by LEwis, 
that in a juvenile stage the pith tissue is comparable with an accumulation 
of globular cells according to “closest packing” of globes and he considers 
the expansion of the “‘boundary wall (that is the peripheral ring of woody 
and other tissues) which continues to expand after the pith cells which 
it encloses have ceased to grow or to multiply’ as the causal force for the 
formation of the star-shaped cells: “The twelve points of attachment on 
the spherical surface of each little pith cell are uniformly drawn asunder’. 

Lewis has rightly maintained, that the conception of p’Arcy W. 
THOMPSON concerning the construction of juvenile pith tissue is not correct 
and that such tissue should rather be compared with an accumulation of 
congruent cubo-octahedrons (tetrakai-decahedrals) with which the space 
can be completely filled. Intercellular spaces were supposed to form through 
cleavage of the intervening substance near the vertices and along the edges 
of the cell, followed by rounding off of these vertices and edges. LEWIS 
further assumes that the central parts of the lateral faces of adjacent cells 
remain attached. On subsequent growth of the pith the parts of the wall 
near the points of attachment are supposed to become the radii of the star- 
shaped cells. As in a pile of cubo-octahedrons any cubo-octahedron has 
walls in common with 14 other cubo-octahedrons, one might expect 14 radii. 
Actually 12 radii are usually found in the stellate pith cells which, as LEwIs 
showed, is a consequence of the fact that as a rule the horizontal upper and 
lower faces of the cubo-octahedral cell are detached from the corresponding 
faces of the cubo-octahedral cells situated above and below that cell, 
without forming cell arms, 

Although in explanation of the formation of the typical star-shape of 
the pith cells Lewis also ascribes some importance to the fact that the 
cells aim at occupying the minimal area, possible under the special circum- 
stances, yet as causal force he assumes the same action as SCHWENDENER, 
ZIMMERMANN and D’'ARCY WENTWORTH THOMPSON. This is very evident 
from a quotation by Lewis from a letter of Prof. H. N. Davis, who made 
some mathematical calculations for Lewis, namely: “It is necessary either 
that their surrounding should have grown too fast for them, thus pulling 
them away from each other, or that their internal volume should have 
an ome rh tn wt ad dried 

ill in tetrakaidecahedral form. In any case 

Te ce have been tension along the arms when the stellate form was 
attained. 

regal zest fat ¢ sy ofthe evelopment of the atl fom 

the cells, the way of fier a a as tec is ang 2S eae 

were also taken into account i q Sears eS Of the oe 

, might throw fresh light on the development 
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of the remarkable shape of the pith cells. The results of such a study 
follow here. 


1. The material used for the investigation. 


The Juncus plants used belonged to the species of effusus L. They were 
collected in the autumn of 1939, with a clod of earth and placed in a cold 
frame till the moment when they were used. All the plants were sterile, 

For the sake of orientation sections were made by hand. For the 
microtome sections the material was fixed in JUEL’s fluid; it was embedded 
in paraffin with a melting point of 50° C. The sections were 510 wu thick 
and were stained according to the tannin-ferrichlorid method described in 
STRASSBURGER’s “‘Botanisches Praktikum” pr 950. 

It is desirable here to make some observations about the point at which 
we made the sections, because the construction of the so-called Juncus stem 
is often wrongly interpreted. A so-called sterile stem of the Juncus is 
namely not a stem, as is frequently mentioned in the literature, but should 
for the greater part be regarded as a leaf, round like a stem (in fertile stems 
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Fig. 1. Rigy 2. 

Growing point of Juncus effusus in 

longitudinal section at a slightly older 

stage than that of fig. 1; 61 and 62 are 

parts of what will later be the circular 
leaf, v is the flat vegetation point. 
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Growing point of Juncus effusus with 

young leaves in longitudinal section; the 

youngest leaf will develop into the 
circular leaf — the apparent stem. 
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the part above the place of implantation of the inflorescence placed side- 
ways should be taken as such a leaf, the part below it should there be 
considered the actual stem). For this matter we refer to TH. IRMISCH (9), 
M. Laurent (11) and F. BUCHENAU (20 

This leaf, round like a stem, is implanted with its base on the very short, 
true stem and there the vegetation point of the stem is found. There the 
leaf mentioned overlaps the practically horizontal growing point and 
the very low space over this point is only connected with the outer air 
through a very small cleft on the base of the morphological anterior side 
of the leaf. 

This remarkable situation becomes clear only through a study of the 
development of the cylindrical leaf. Here the reproduction of three stages 
in this development (figures 1, 2, and 3) may suffice. In the first, very 
juvenile stage (the shoot was only about 0.5 cm long) the leaf has 
grown like a cowl over the still curved point of vegetation. In the second 
stage the overgrowth (b1) is even stronger, while the growing point, 
which for the rest remains undisturbed, is bounded by a practically 
horizontal plane. A little below the growing point we find another 
excretion (62), which also belongs to the cylindrical leaf, as the leaf 
entirely surrounds the growing point at its base; at first the leaf even 


Figqeia: 
Photographical representation of the longitudinal section of the arowi i 
of Juncus effusus at a slightly older Stage than that of fig. 2 ie a ee 
perpendicular to that of fig. 2; the cylindrical body, which a the b : nate 
fissure, is a juvenile stage of the circular leaf. tg aaa 
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appears as a cylindrical covering at the periphery of the growing point. 
Between 6 2 and the lower anterior side of b 1 there is the cleft mentioned, 
which connects the space above the growing point with the outer air. 

In the third stage of development (shown in fig. 3) the cylindrical leaf 
has already attained some considerable size; it is seen as a parabolical 
body in the centre of the figure. The vertical section shown was made 
perpendicularly to the plane in which the section of fig. 2 was made. The 
hollow at the base of the cylindrical leaf is the space above the growing 
point, which is again bounded by a more or less horizontal surface. 

Until this stage the growth of the cylindrical leaf was for the greater 
part effected through divisions of the meristem above the hollow mentioned; 
for the rest it will be caused exclusively by such divisions and by enlarge- 
ment and transformation of the cells formed in this process. Hence the 
stellate pith cells mentioned originate from this meristem. The stellate 
form, however, arises only at a later stage than that of figure 3; stellate 
forms are found in shoots about 1 cm long. 

The sections from which we studied the development of the pith were 
therefore made at various distances above the lens-shaped hollow mentioned 
before. 


2. The successive stages of development of the pith cells. 


Close above the lens-shaped space vaulting the growing point, the tissue 
is of an evidently meristematic nature. The cells of this tissue are practically 
entirely filled with protoplasm and possess a nucleus situated in the centre. 
As may be observed in fig. 4, showing a transverse section of this tissue, 


Fig. 4. 
Transverse section through the meristem above the cleft-like hollow, bounding 
the flat growing point of Juncus effusus; here and there cell divisions. 
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several of these cells show divisions by division walls placed vertically, 
increasing the number of cells horizontally. Far more numerous, however, 
are divisions of these cells by horizontal walls, through which vertical rows 
of cells arise from initial cells (see fig. 12) causing the elongation of the 
cylindrical leaf. Hence at a juvenile stage the pith of this leaf consists of 
vertical rows of cells placed side by side. 

On transverse as well as on longitudinal section the meristematic cells 
are polygonal, most of the cells being hexagonal on these sections. The 
diameter of the cells is small, averagely ca. 15 w in a shoot 14 cm long. 
The size of the cells varies, however, according to the age of the plant. 

We shall first consider the development of the pith cells as observed 
on the transverse sections. Here we note that it has previously been 
described by various botanists (SCHACH in 1856, DUCHARTRE, J. DUVAL 
JOUVE in 1869, A. ZIMMERMANN in 1893, p’Arcy W. THOMPSON 1917). 
Although, therefore, we can mention but little news in this respect we 
must yet touch on this development, in order to make intelligible what 
will follow subsequently. 

A transverse section of a part of the meristem, which is at a somewhat 
later stage of development than the one we discussed above (this part is 
found only at about 0.1 mm above the one discussed) shows an early stage 
of the development of the intercellular spaces. This is depicted in fig. 5. We 
note that this figure is reproduced on a smaller scale than fig. 4; therefore in 
reality the cells of fig. 5 are considerably larger already than those of fig. 4. 
The intercellular spaces occur at the vertices of cells hexagonal on section. 
These spaces are triangular on these sections, the triangular sides curving 
in. At this stage the cells themselves are rounded off; it is very likely that 
— inversely — the occurrence of the intercellular spaces should be consider- 
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Transverse section through the meristem, about 0.1 mm higher than the section 
in fig. 4. It shows the occurrence of triangular intercellular spaces with the sides 
of the triangles curved inwards. 
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ed as a consequence of the tendency to rounding off on the part of the 
cells. This tendency is caused by the turgor pressure in the cells. This 
pressure will also cause the survival of points of attachment between the 
cells. Presumably the central lamellae near the vertices (and near the 
edges of the cells) are of a slightly different composition than those 
between the planes of attachment; possibly the long duration of the contact 
between the cells on those planes also plays a part. 

A transverse section (see fig. 6) through a slightly older stage (ab. 
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Fig. 6. 
Transverse section through the meristem, about 0.05 mm higher than that of 
fig. 5; the intercellular spaces which are still triangular have sides which are 
rounded off outwards. 


0.05 mm higher) shows that when the cells increase in size, the intercellular 


spaces soon change their form. They are still triangular, it is true, but the 
triangle sides now curve outwards. This may even result in a rounded 
shape. The latter is the case in a subsequent stage of development (see 
fig. 7) of most intercellular spaces. 

Figures 8 and 9, representing transverse sections of still older stages, 
show that the round form again makes place for a triangular one in which, 
however, the verticles lie where at earlier stages were found the centres 
of the sides. In these stages the cells are already evidently stellate. We 
would however point out that the sides of the triangles in these stages are 
not perfectly straight, but a little indented in the middle. From our figure 


‘we may conclude further that the walls now begin to thicken. 
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100 200/: 
Figay/: Figus: 
Transverse section through the meristem in a Transverse section through the meristem in a 
stage a little older than that of fig. 6; the somewhat older stage than that of fig. 7; the 
intercellular spaces are rounded off. cell arms become visible. 


eo 200K 
Fig. 9. 


Transverse section through the meristem in a somewhat older stage than that of 
fig. 8; the cell arms are very. evident. 
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When on transverse section the original meristem exclusively shows 
hexagons of the same size, all the pitch cells will show six arms on 
transverse section, if the development takes place as here described. 
Actually there also occur other sections than the hexagonal ones, and the 
cells are not all of the same size. So there are deviations in the number 
of arms and it also happens that cells have contact with each other 
through more than one pair of arms. Yet the average number of arms 
approaches the number six. LEwis (12) calculated from the observation 
of 1000 cells an average of 5.6 arms per cell. On counting transverse 
sections of 157 cells we ourselves found 928 cell arms, and that with a 
frequency distribution as given in figure 10. From this an average value 


NUMBER OF CELLS 


NUMBER OF CELL ARMS 


Fig. 10. 


Frequency distribution of the number of cell arms in various pith cells of 
Juncus effusus. 


of 5.9 + 0.89 is calculated, in which the last number represents the 
mean error in the average value (found by applying the formula 


Bac _° in which o = the mean error of all observations and n — the 
n 
total number of observations. 

Figure 11 finally gives a picture of the final stage of the pitch on 
transverse section. The arms of the stellate cells have become much longer 
and thus the generally triangular intercellular spaces have become con- 
siderably larger. The sides of the triangles are now perfectly straight, 
owing to the walls of the arms being in line. The cell walls have again 
become thicker and have a diameter of 1 to 2 yw. The thickness of the 
walls, however, is not the same everywhere; the walls in the axil of two 

arms of the same cell are thickest. The short transverse walls at the end 
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of the arms, where they separate two arms from adjacent cells, are rather 
irregularly thickened and slightly corrugated. 


Bigot Je 


Transverse section of the adult pith in the circular leaf of Juncus effusus; the 
cell walls of the stellate cells are thickened. 
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Big, 12, 
Longitudinal section of the meristem over the cleft- 
growing point of Juncus effusus; 
without intercellular spaces; 


like hollow, bounding -the 
at the bottom: polyhedral meristem with and 
a little higher: formation of vertical rows of cells. 
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In this stage there is no longer much protoplasm observable, apparently 
the cells have died. 

We shall. now consider the development of the pith cells on vertical 
sections. 

The lower part of figure 12 again shows that in the youngest meristem 
the cells are polygonal and placed together without any interstices. This 
meristematic zone is about 100 u high. It is seen that above it there occur 
intercellular spaces and that higher still, without many transitional cells, 
vertical rows of cells become visible, which are separated by intercellular 
spaces which often seem to be continued over comparatively great distances. 

However, the picture slightly differs on some sections from that shown in 
fig. 12; this may be’seen in fig. 13 which gives a longitudinal section on a 


a ah elegy 7? amma aaa A 
Fig, 13. 


Longitudinal section of meristem of Juncus effusus, made in another place than 

that of fig. 11, with vertical cell rows; by the sides the cells are connected by 

cell arms which are as yet short — the circular figures cn the cells are dissected 
cell arms —; at the top the cells begin to part more evidently. 


somewhat higher level. Here too vertical rows of cells are visible, but the 
intercellular spaces situated between those rows are not continued in this 
preparation. On tha other hand the coherence between the cells in the 
separate rows is broken in several places. Here the cells of neighbouring 
rows are in many places in contact with each other and we observe already 
the beginning of the formation of cell arms. We would draw the reader's 
attention to the fact that the circular figures seen in this and the two 
following figures represent sections of cell arms, projected on the cell body. 
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Fig. 14 shows a further stage of development of the pith in the vertical 
section. It approximately agrees with the stage of which fig. 8 gives a 
horizontal section. The cells in the vertical rows have now become entirely 
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Fig. 14: 
Longitudinal section of not quite adult pith in the circular leaf of Juncus effusus; 
most cell arms have attained some considerable size; at the top and at the bottom 
the cells have become practically detached without forming cell arms. 


ign 15: 
Longitudinal section of adult pith in the circular leaf of Juncus effusus; the cell 
arms have reached their ultimate length. 
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detached from each other, but those of neighbouring rows cohere through 
cell arms, : 


Fig. 15 gives the final stage in which the spaces between the attached 
cells are much enlarged. 


We would finally also mention here that LEwis has shown the plaus- 
ibility of the assumption that the average cell shape of juvenile pith, for 
instance in a stage a little younger than that shown in fig. 13, is cubo- 
octahedral. The vertical cell rows are supposed to be accumulations of 
such bodies which are piled up on their hexagonal faces and the lateral 
walls of which are formed by 6 squares and 6 hexagonal faces. The 12 
lateral faces are in contact with corresponding faces of adjacent rows of 
cells and from these faces 12 arms are supposed to develop, connecting 
these cells with the adjacent ones in the adult pith. 


(To be concluded in the next number of these Proceedings.) 
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